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Abstract

Riemannian Optimization (RO) is a vibrant and important research area in the field of optimization
theory, which focuses on optimizing real-valued functions over Riemannian manifolds. The manifolds are
characterized as smooth curved spaces that generalize Euclidean spaces. The aim of this dissertation is to
discuss recent advances and applications of Riemannian optimization.

Despite the relatively short history of RO, both its theoretical research and practical applications
have experienced rapid growth over the past 20 years. The main trend in RO’s theoretical research is to
extend various classical and well-established optimization algorithms (e.g., gradient descent, Newton
method, etc.) from Euclidean spaces to Riemannian manifolds. In contrast to the familiar Euclidean
spaces, Riemannian manifolds are more generalized spaces equipped with all the necessary geometric
tools for the optimization algorithms. In practice, Riemannian manifolds are often represented as the
feasible region of an optimization problem, while being a subset of a Euclidean space. By utilizing the
Riemannian geometry of that feasible region itself, Riemannian algorithms tend to be more efficient than
Euclidean algorithms.

Existing researches of RO have focused on optimization problems with a smooth objective function
over a single manifold. However, as the range of applications increases, this type of optimization problem
sometimes does not satisfy diverse demands well, which leads to algorithm development efforts for
the variants of Riemannian optimization. This dissertation investigates two variants of RO, each of
which addresses different challenges in practical applications. The first variant, Nonsmooth Riemannian
Optimization (NRO), is concerned with optimization problems characterized by a nonsmooth objective
function. The second variant, Constrained Riemannian Optimization (CRO), addresses optimization
problems on non-single manifold, i.e., problems involve additional constraints that cannot form a manifold.
Both NRO and CRO have proven to be more applicable and closely related to real-world applications,
thus extending the scope and effectiveness of RO.

For NRO problems, we will propose a generalized framework of Riemannian smoothing method to
solve these problems, ensuring efficient convergence to the limiting stationary point. Our framework is not
only user-friendly but also synergizes seamlessly with existing solvers, like “Manopt”, thereby facilitating
fast and straightforward code implementation. Numerical experiments demonstrate the efficiency of the
method. In particular, we apply our method to the CP factorization problem, which is an open problem in
the theory of conic optimization. Numerical experiments confirm that our method is particularly superior
for large-scale CP factorization problems.

For CRO problem, we will propose the Riemannian interior point method, which is an extension
of the classical primal-dual interior point method to Riemannian manifold. We prove that our method
holds locally superlinear and quadratically convergence, and that global convergence can be achieved by

combining it with classical linear search. Numerical experiments confirm the stability and efficiency of



viii

our proposal. To our knowledge, this is the first study to apply the primal-dual interior point method to
the constrained optimization problem on Riemannian manifolds. One significant contribution is that we
establish many essential foundational concepts for the general interior point method in the Riemannian
context, such as the KKT vector field and its covariant derivative. In addition, we build the first algorithm
framework for the Riemannian version of the interior point method. These contributions will be useful in
the future, especially in the development of more advanced interior point methods.

In conclusion, Riemannian optimization is a vigorous and rapidly growing field that has seen significant
advances in both theory and practical applications in recent years. The exploration of variants such as
NRO and CRO has expanded the potential and applicability of this optimization framework, opening up

exciting opportunities for future development and real-world problem solutions.

LAI ZHIJTIAN
March, 2024
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Riemannian Optimization

Riemannian Smoothing Method

Riemannian Sequential Quadratic Programming method
Steepest Descent method

Second-Order Cone Problem

Second-Order Necessary Conditions
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1.1 Optimization from Euclidean Spaces to Riemannian Manifolds

1.1.1 Euclidean Optimization

Mathematical optimization is an important field in applied mathematics that involves selecting the best
element from a set of available alternatives. The aim of this process is to efficiently find the solution
that minimizes or maximizes a given objective function (also known as a cost function), subject to a set
of constraints. Mathematical optimizations are often formally represented as follows: given a function

f: R™ = R, the general form of a (Euclidean) optimization problem is

min f(x
(x) (EO)
st.x €.
Here, z = |21, 29, . .., xn]T is an n-dimensional vector in the Euclidean space R, and the feasible region

S C R” is the feasible set of all possible solutions. Typically, we default to thinking of feasible region S
as a subset of Euclidean space R". This covers almost all the problem patterns. Matrix spaces or general
linear spaces are also equivalent to the above formulation. Thus, the traditional and classical optimization
theory actually consider an optimization problem underlying the Euclidean space. To distinguish it from

the Riemannian optimization of the later context, we specifically call it Euclidean Optimization (EO).
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Problem 1 (Unconstrained Euclidean Optimization (UEQ)). In unconstrained optimization, the set S is

the entire space R™. The problem can be written as:

min f(x)

(UEO)
s.t. z € R".

The Unconstrained Euclidean Optimization (UEO) do not have constraints on variable, providing
more freedom in finding optimal solutions. The line search method, as shown in Algorithm 1, is a common
framework to solve this problem. The objective function f: R” — R is assumed to be smooth. The line

search method seeks to find a sequence {x} that converges to a minimizer of the function f.

Algorithm 1: General Line Search Method for (UEO)
Input: An objective function f defined on R", an initial point zy € R".

Output: Sequence {z;} C R™.
Set k — 0;

while stopping criterion not satisfied do

1. Compute a search direction d, € R";

2. Compute a step size tj > 0;

3. Compute the next point as xxy1 ‘= xg + tpdy;
4.k — k+1;

end

How the descent direction dj, is chosen determines the different optimization algorithms:

* steepest gradient descent method: d, = —V f(x) where V f(zy) is the gradient of f at xy.

* Newton method: d = — [V? f(zy)] - V f(z1) where V2 f(z}) is the Hessian of f at zy.

e quasi-Newton method: dy = — B, vy (xx) where By, is an approximation to the Hessian.

The success of linear search frameworks depends to a large extent on the selection strategy for the
direction and step size. Depending on these choices and the characteristics of the objective function, the

convergence properties of the linear search framework are different.

Problem 2 (Constrained Euclidean Optimization (CEO)). In constrained optimization, the set .S is a

proper subset of R™ defined by equality and inequality constraints. The problem is usually expressed as:

(CEO)

where g;: R™ — R are equality constraints and h;: R" — R are inequality constraints.

Compared to the unconstrained case, the Constrained Euclidean Optimization (CEO) introduces
specific constraints or bounds on the variables =, which leads to a more challenging optimization problem.
Such problems include linear programming, quadratic programming, convex optimization, and general
nonlinear nonconvex optimization. The solution z must satisfy all constraints to be considered valid, or

feasible. The line search framework of Algorithm 1 is unable to solve this problem since the new iterate
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Tk4+1 = Tk + trpdr may not satisfy the constraints (even if xj, satisfies). Algorithms for constrained
optimization often involve techniques that handle constraints explicitly, such as augmented Lagrangian
methods, barrier methods, penalty methods, Sequential Quadratic Programming (SQP) method and
Interior Point Methods (IPM). Each method provides a ingenious way of balancing the objective function
minimization with the need to adhere to the constraints, ultimately guiding the algorithm towards feasible
and optimal solutions.

Next, let we consider a new thought:

“Methodologically, the essential difference between constrained and unconstrained problems

is not determined by the problem itself, but by the algorithm we adopt to solve the problem.”

In problem (UEO), formalistically, z is still subject to the real Euclidean space constraint R"”, i.e., it must
be an n-dimensional vector of real numbers rather than a vector of complex numbers. But the iterative
formula xg1 := x, + tidy, in the line search framework of Algorithm 1 never breaks this, thus Algorithm
1 is free, and feasibility (with respective to x € R"™) is guaranteed for any direction dy, or step size tj, so
that we have neglected to discuss feasibility at all. Finally, minimization of the value of objective function
is the only thing needed to consider.

On the other hand, in dealing with constrained optimization, if we can guarantee that each iteration
point of the algorithm employed satisfies the constraints, then this is no different from (UEO). In particular,
let us consider the general form as (EO) where feasible region is denoted by S. Note that in (CEO),
S={zxeR":g(xr)=0,i=1,2,...,mand hj(z) < 0,5 = 1,2,...,1}. Assume that there is an

algorithm that generates a sequence {zj} C S by using some updating formula:
Zp+1 = UPDATE(xg, di, t).

Here, UPDATE is a map such that its output 31 € S for any current point x; € .S, any direction
dy, and step size t;, > 0. In this case, as in unconstrained optimization, only the minimization of the
value of objective function needs to be considered, for which we must choose the appropriate direction
and step size. In this way, the formalistic constrained problem also becomes unconstrained one. In fact,
Riemannian optimization, the central subject of this thesis, realizes the above desires when the feasible

region S have a manifold structure.

1.1.2 Riemannian Optimization

Riemannian optimization is a specialized field of optimization focusing on minimizing a function defined
over Riemannian manifolds. It extends traditional optimization algorithms by taking the geometry
structure of the manifold into account. By definition, a manifold M is a set that locally resembles
a Euclidean space within a neighborhood of each point, but globally may exhibit different geometric
properties, usually non-Euclidean (e.g., sphere, hyperboloid). See Table 1.1 for a list of some manifolds

M. A typical Riemannian optimization is given as follows.
Problem 3 (Unconstrained Riemannian Optimization (URO)). Given a function f: M — R, we consider

min f(z)
s.t. x € M.

(URO)
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Fig. 1.1 Iteration of optimizing a real-valued function f defined on sphere manifold.

It is well known that Euclidean spaces are the most trivial Riemannian manifolds, and thus (URO) is
a generalized form of the problem (UEO). Naturally, the line search framework also applies to (URO),
see Fig. 1.1 and Algorithm 2, where several notations come from Riemannian geometry, such as tangent
spaces 1}, M and retraction (maps) R, : T;, M — M. Due to the lack of linearity, update formulas
on manifolds cannot generally be defined by addition. Therefore, we introduce the concept of retraction.
Riemannian geometry, as detailed in Chapter 2, provides the fundamental concepts and tools necessary to

develop and analyze optimization algorithms on Riemannian manifolds.

Algorithm 2: General Line Search Method for (URO)
Input: An objective function f defined on M, an initial point zp € M and a retraction R on M.

Output: Sequence {x;} C M.
Set k — 0;
while stopping criterion not satisfied do
1. Compute a search direction dj, € T}, M;
2. Compute a step size g > 0;
3. Compute the next point as x4 := Ry, (txdy);
4.k —k+1;

end

Note that the line search method is an iterative framework based on local information of objective
function at current point (e.g., the first-order derivative — gradient, or second-order derivative — Hessian),
and in particular it utilizes this local information to choose the appropriate direction toward next better
point. On the other hand, for every point x on the manifold, there is a neighborhood that is homeomorphic
to an open subset of the Euclidean space, and so this neighborhood of = can be considered to have a
differential structure, thus we can exploit the local information of the objective function defined on the
manifold. This exactly fulfills the request for line search method.

The unconstrained Riemannian optimization has grown considerably in the last 20 years. In particular,
well-known methods in the Euclidean setting, such as steepest descent, conjugate gradient, (quasi-)Newton
and trust region, have been extended to the Riemannian setting [5, 101, 34, 165]. Riemannian optimization

has many advantages in comparison to Euclidean optimization, such as the ability to transform constrained
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problems into unconstrained ones (see Table 1.1), the use of the geometric structure of the feasible region,

and a convergence theory similar to that of Euclidean optimization.

1.1.3 History of Riemannian Optimization

The concept of Riemannian optimization can be traced back to the work of Luenberger in 1970s. [130, 131]
introduced the idea of performing line searches along geodesics (i.e., a generalized concept of straight
lines on manifolds) when geodesics are computationally feasible. [79] formally discussed minimizing
differentiable functions over differential manifolds, introducing the steepest descent, Newton method,
and quasi-Newton methods, all along geodesics, specifically on submanifolds of R". [94] explored the
optimization problem for dynamical systems on Riemannian manifolds. [72] developed the Newton and
conjugate gradient algorithms on the Grassmann and Stiefel manifolds. Importantly, the work of [94, 72]
strongly contributed to numerical practice of Riemannian optimization. In general, an approximation of
geodesic is sufficient to ensure the desired convergence properties and is less computationally expensive
than geodesic. In 2002, [6] defined the concept of retraction (i.e., Ry, in Algorithm 2) to replace the
role of geodesic in line search. This had greatly facilitated the numerical performance of Riemannian
optimization in practical applications.

Since 2008, Riemannian optimization has been greatly developed, become practicable and convenient,
and gradually applied to various engineering fields. [5] summarized many retraction-based algorithms
on Riemannian manifolds and is the first modern monograph about Riemannian optimization. The
authors suggested that parallel transport in classical Riemannian geometry can be approximated by vector
transport without affecting the convergence properties. [2, 11] proposed the trust-region methods on Rie-
mannian manifolds. [153] extended the classical Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm
on Riemannian manifolds, along with convergence results. [157] provided an alternative approach to
BFGS on Riemannian manifolds, which focused on infinite-dimensional manifolds. [105] proposed a
Riemannian BFGS method without differentiated retraction. [201] proposed an optimization algorithm
on Stiefel manifold based on the Cayley transform. [107] discussed a Broyden class of quasi-Newton
methods for Riemannian optimization. [168, 163, 220, 166] investigated the Riemannian conjugate
gradient method. [29, 215, 169] investigated the stochastic algorithm on Riemannian manifolds. [36]
discussed the global convergence rate of Riemannian optimization. [75, 14] explored the multi-objective
optimization algorithms on Riemannian manifolds. [51, 111] discussed the Riemannian proximal gradient
methods. Since Riemannian optimization relies on the chosen metric, [85, 84] proposed Riemannian
preconditioned techniques to accelerate algorithms. They enable the manifolds to be endowed with a
preconditioning metric.

It can be seen that the Riemannian optimization theory has become a very active research field in
recent years, which has had a significant impact on the design and research of modern optimization

algorithms.

1.1.4 Applications of Riemannian Optimization

Riemannian geometry is a generalization of Euclidean geometry. It includes very rich nonlinear spaces
such as hyperbolic spaces [44, 196, 195], the special Euclidean and orthogonal groups [176, 80], positive
definite matrices [21, 189], Grassmann manifolds of subspaces [72, 12, 34], and Stiefel manifolds of
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orthogonal matrices [72, 5], among others. Table 1.1 provides a glance of the some (not all) available
manifolds in the “Manopt” toolbox.

Riemannian optimization is widely used in various fields such as eigenvalue decomposition [38, 5];
singular value decomposition [167, 162]; low-rank matrix completion [35, 198, 138, 43, 83]; low-
rank tensor completion [123, 118, 186]; joint diagonalization [206, 3, 190, 171]; joint singular value
decomposition [168]; nonlinear or inverse eigenvalue problems [217, 212, 211]; p-harmonic flow [87];
quantum technologies [129]; learning taxonomy embeddings [144, 145]; neural networks [112, 113,
82, 46, 143, 152, 154]; shape analysis [185, 108]; density estimation [98, 93]; optimal transport [55,
8, 177, 139, 92]; cryo-electron microscopy (cryo-EM) [63]; control theory [170, 173, 172]; max-cut
problem [140, 101]; Bose—Einstein condensates [203]; phase retrieval problem [109, 110, 65]; multi-
antenna channel communications [218, 86]; compressed modes (CMs) problem [151]; dictionary learning
[54, 187]; Gaussian mixture models [97]; elliptical distributions in statistics [184, 216].

For a survey of Riemannian optimization, see [101]. Below are brief summaries of some latest

monographs and software libraries of Riemannian Optimization for the reader’s convenience.

Monographs of Riemannian Optimization

* An Introduction to Optimization on Smooth Manifolds [34]

* Riemannian Optimization and Its Applications [165]

* Optimization Algorithms on Matrix Manifolds [5]

* Convex Functions and Optimization Methods on Riemannian Manifolds [194]
* Multivariate Data Analysis on Matrix Manifolds [192]

* Population-Based Optimization on Riemannian Manifolds [78]

Libraries of General-purpose Riemannian Optimization Toolboxes These libraries are used to

implement Riemannian optimization algorithms as general solvers:

* Manopt [37] in Matlab (the most comprehensive toolbox)
https://www.manopt.org/

* Pymanopt [191] in Python
https://pymanopt.org/

* ROPTLIB [106] in C++
https://www.math.fsu.edu/~whuang2/Indices/index_ROPTLIB.html

* ManifoldOptim [133] in R (a R wrapper of ROPTLIB)
https://cran.r-project.org/web/packages/ManifoldOptim/index.html

* Manopt.jl [16] in Julia
https://manoptjl.org/

Libraries of Riemannian Packages for Various Goals These libraries are used to implement various

specific tasks based on Riemannian optimization:

* Geoopt [120] is a Python library bringing Riemannian optimization tools to PyTorch.
https://geoopt.readthedocs.io/en/latest/index.html

* McTorch [135] is also a Python library bringing Riemannian optimization tools to PyTorch.
https://github.com/mctorch/mctorch


https://www.manopt.org/
https://pymanopt.org/
https://www.math.fsu.edu/~whuang2/Indices/index_ROPTLIB.html
https://cran.r-project.org/web/packages/ManifoldOptim/index.html
https://manoptjl.org/
https://geoopt.readthedocs.io/en/latest/index.html
https://github.com/mctorch/mctorch
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Table 1.1 Collection of some available manifolds in Manopt.

Name of Manifold

Mathematical Formulation

(Complex) Euclidean Space

Rmxn (C'nl)(n
)

Symmetric Matrices

{X eR™": X = XT}

Skew-Symmetric Matrices

(X eRm: X 4+ XT =0}

Centered Matrices

{X e R™*": X1,, = 0,,}

Sphere

{X e R™"™: | X||lp =1}

Symmetric Sphere

(X eRY™: | X|p=1,X = XT}

Complex Sphere | {X € C™*" : | X||p = 1}
Oblique Manifold | {X € R™ " : || X, || = = [[X.nllp =1}
Complex Oblique Manifold | {X € C"™ " : [| X, 1[|p =+ = [ X, nllp = 1}
Complex Circle | {z€ C": |z1| =+ = |z,| = 1}

Phase of Real DFT

{Z eC: |Zk‘ =1, 214 mod (k,n) = Z14+ mod (n—k,n)vv'k}

Stiefel Manifold

(X erRP: XTX =1}

Complex Stiefel Manifold

(X eCP: X*X = I}

Generalized Stiefel Manifold

{X e Rm?: XTBX = I} for some B > 0

Grassmann Manifold

{span(X): X e R"? XTX =T}

Complex Grassmann Manifold

{span(X) : X € CP X*X = I}

Generalized Grassmann Manifold

{span(X): X € R"*?, XTBX = I} for some B > 0

Rotation Group

{ReR™": RTR =1I,det(R) =1}

Special Euclidean Group

{(R,t) e R™*" x R" : R"R = I,det(R) = 1}

Unitary Matrices

(U eCvn . U*U =1I,,}

Hyperbolic manifold

{x eRVM a2 =2+ + 22 + 1} with Minkowski metric

Fixed-Rank Manifold

{X e R™*™ : rank(X) = k}

Fixed-Rank Tensor, Tucker

Tensors of fixed multilinear rank in Tucker format

Strictly Positive Matrices

{X e Rmxn . X > O,VZ,]}

Symmetric Positive Definite Matrices

{X erRmm: X = XT X >0}

{X eRm": X = XT = 0,rank(X) = k}

(X eR™: X = XT = 0,rank(X) = k, diag(X) = 1}

{X e R : X = XT = 0,rank(X) = k, trace(X) =1}

Multinomial manifold

{X e R™*": X,;; >0,¥i,j and X1,, = 1,,}

(X eR™™: X;; > 0,i,j and X1, = 1,, X1, =1,}

{X eR™™: X;; >0,Vi,j and X1, =1,, X = X7}

Positive Definite Simplex

{(X1,2,...,21) €R™™: X; = 0,Viand X1 + -+ xp = I,}

Complex Positive Definite Simplex

{(X1,27...,l‘k) e Cvxm . X, = 0,Viand X7 + .-+ xp :In}

Sparse Matrices of Fixed Sparsity Pattern

{XQRmxniXij:()@AijZO}

Constant Manifold (singleton)

{4}
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* TensorFlow RiemOpt [180] is a library for Riemannian optimization in TensorFlow.
https://github.com/master/tensorflow-riemopt

* Rieoptax [197] is a library for Riemannian Optimization in JAX.
https://github.com/SaitejaUtpala/rieoptax

* CDOpt [204] is a Python toolbox for optimization on Riemannian manifolds with support for deep
learning.
https://cdopt.github.io/md_files/intro.html

* QGOpt [129] is an extension of TensorFlow optimizers on Riemannian manifolds that often arise in
quantum mechanics.
https://qgopt.readthedocs.io/en/latest/#

* Geomstats [137] is a Python package for computations and statistics on manifolds.

https://geomstats.github.io/

1.2 Nonsmooth Riemannian Optimization

1.2.1 Introduction to Nonsmooth Riemannian Optimization

Nonsmooth Riemannian Optimization (NRO) involves minimizing a nonsmooth objective function
defined on the Riemannian manifold. The optimization techniques in previous section mainly deal with
smooth objective functions, and therefore new methods need to be developed to effectively deal with the

nonsmooth case.

Problem 4 (Nonsmooth Riemannian Optimization (NRO)). Given a nonsmooth function f: M — R, we
consider
min f(x)

st.x e M

(NRO)

There have been some derivative-free optimization techniques specifically for manifolds. The direct
search method is a function minimization algorithm that uses only evaluations of the function f(x) itself.
[66] extended three popular direct search methods, namely, the Nelder-Mead simplex algorithm, the Mesh-
Adapted Direct Search (MADS) algorithm, and frame-based methods, to Riemannian manifolds. In [47],
Powell’s derivative-free optimization method is extended to Oblique manifolds to recover quasi-correlated
sources by minimizing the contrast function. [30] proposed to adapt the particle swarm optimization
algorithm on Grassmann manifolds to find the best low multilinear rank approximation for a given tensor.

One type of problems (NRO) we are interested in has a locally Lipschitz objective function, and thus
almost everywhere differentiable. A larger number of algorithms have been developed with this locally
Lipschitz assumption. [91] presented an e-subgradient algorithm on Riemannian manifolds. [90] proposed
the nonsmooth trust region algorithms on manifolds. [100, 42] generalized a gradient sampling algorithm
to the Riemannian setting. [99] generalized the Wolfe conditions for nonsmooth functions on manifolds
and extended the nonsmooth BFGS algorithm. [13, 75] investigated the iteration complexity of many
Riemannian subgradient algorithms. [124] presented a splitting method for orthogonality constrained
problems. [122] proposed the Manifold Alternating Directions Method of Multipliers (MADMM), an

extension of the classical ADMM scheme for manifold-constrained nonsmooth optimization problems.


https://github.com/master/tensorflow-riemopt
https://github.com/SaitejaUtpala/rieoptax
https://cdopt.github.io/md_files/intro.html
https://qgopt.readthedocs.io/en/latest/#
https://geomstats.github.io/
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[51] proposed a Manifold Proximal Gradient (ManPG) method. [200] proposed a accelerated version of

the proximal alternating maximization method.

1.2.2 Applications of Nonsmooth Riemannian Optimization

[4] collected many important applications of (NRO). (NRO) may be required for any application that
already is modeled using (smooth) Riemannian optimization. For example, we may add some nonsmooth
regularization terms to the objective function, or add additional non-manifold constraints as exact penalty
terms to the objective function as well (see (1.2) in next section).

We next provide two concrete application problems below, which will appear in the numerical
experiments in the latter Chapter 3 to test the efficiency of our proposal — Riemannian Smoothing Method
(RSM).

Finding the Sparsest Vector (FSV)

This problem is to find the sparsest vector in an n-dimensional linear subspace W C R™; it has
applications in robust subspace recovery, dictionary learning, and many other problems in machine
learning and signal processing [155, 156]. Let @ € R™*™ denote a matrix whose columns form an

orthonormal basis of W: this problem can be formulated as

min_{|Qxlo,

zeSp™!

where Sp™"~! := {2 € R" : ||z||o = 1} is the sphere manifold, and ||z||o counts the number of nonzero
components of vector z. Because this discontinuous objective function is unwieldy, in the literature, one

instead focuses on solving the #; norm relaxation given below:

min ||Qz|1, (FSV)
espn—l
where ||z||1 := )", || is the 1 norm of the vector z.

Robust Low-Rank Matrix Completion

Low-rank matrix completion [198, 138] consists of recovering a rank r matrix M of size m x n from
only a fraction of its entries with 7 < min{m, n}. The situation in robust low-rank matrix completion
[43] is one where only a few observed entries, called outliers, are perturbed, i.e., M = My + S, where
My is the unperturbed original data matrix of rank r and S is a sparse matrix. This is a case of adding

non-Gaussian noise for which the traditional /2 minimization model,

i Po(X — M)|3

xemn 1Pl iz
is not well suited to recovery of My. Here, Fr(m,n,r) := {X € R™*" : rank(X) = r} is the fixed rank
manifold, €2 denotes the set of indices of observed entries, and Py : R™*™ — R™*™ is the orthogonal
projector onto €2, defined as Z — Pqo(Z) with Po(Z);; = Z;; if (4, j) € Q and 0 otherwise. In [43], the
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Fig. 1.2 Illustration of nonnegative constrains on sphere manifold.

authors try to solve

i Po(X —M)|, RMC
ot [Pa(X =2, (RMC)

because the sparsity-inducing property of the /; norm leads one to expect exact recovery when the noise

consists of just a few outliers.

1.3 Constrained Riemannian Optimization

1.3.1 Introduction to Constrained Riemannian Optimization

In most cases, the term “Riemannian optimization” refers to (URO) — Unconstrained Riemannian
Optimization, which has become more and more developed and sophisticated over the last two decades.
However, some limitations of this model have emerged in practical applications.

One of which is that (URO) requires the entire feasible region to form exactly one manifold. Un-
fortunately, in many practical cases, only a fraction of the constraints can form a manifold, leaving us
with additional constraints that must be addressed. For example, see Fig. 1.2. Furthermore, even if we
manage to create a new manifold with these additional constraints (meaning not among the Table 1.1,
so there is no off-the-shelf software package), finding the necessary geometric tools (e.g., tangent space,
retraction, vector transport) is a challenging task, as it requires a strong knowledge of the differential
geometry, which can discourage most users.

To address these challenges, we consider replacing the (URO) with a model called the Constrained
Riemannian Optimization (CRO), which extends the (URO) by adding equality and inequality constrained
conditions defined on the manifold itself. Just as it is natural for us to consider constraints underlying
Euclidean spaces, we can also recognize those constraints on manifolds. After all, Euclidean space is a

trivial manifold.
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Problem 5 (Constrained Riemannian Optimization (CRO)). Given a function f: M — R, we consider

min  f(z)

st. gi(z) <0,i=1,2,...,m,
hi(z) =0, j=1,2,...,1,
reEM,

(CRO)

where g;: M — Rand h;: M — R are functions over manifold M.

Research on the constrained Riemannian optimization is still in its infancy. The earliest studies go
back to the Riemannian optimality conditions of (CRO). [209] extended the Karush Kuhn Tucker (KKT)
conditions and the second-order necessary and sufficient conditions to (CRO). [17] considered more
Constraint Qualifications (CQs) on manifolds. [207] proposed sequential optimality conditions, also
called approximate KKT conditions, in the Riemannian case.

In 2020, [128] were the first to develop practical algorithms for (CRO). They proposed the Riemannian
version of augmented Lagrangian method and exact penalty method. Riemannian Augmented Lagrangian
Method (RALM) [128] relies on the augmented Lagrangian function:

A 2 ] 2
L(z,\7) ::f(x)+g ;<hj(x)+7;> +§i:max{0,);+gi(:c)} A

where z € M, p > 0 is a penalty parameter and v € R/, A € R™, A\ > 0 are Lagrangian multipliers.
RALM alternates between updating = and updating (A, 7, p). To update x, any algorithm for (URO) may
be adopted to minimize (1.1) with (), ) fixed, namely, compute new iterate x;,1 as an approximate
solution to mingeaq £y, (@, A, V). At this new xpy1, Apt1, Ve+1 and pgyq will be updated; then the
process is repeated. Soon after, [207] improved RALM in order to obtain an optimal solution without
satisfying CQs. Riemannian Exact Penalty Method (REPM) [128] tries to solve following subproblem at

each iteration:

reEM

min f(x)+p | Y max{0,g:(x)} + Y _ |hy()] (1.2)
( J

However, the above objective function is nonsmooth, then they use smoothing techniques to convert it
to a smooth objective function, and again, any algorithm for (URO) can be adopted. They essentially
use the Riemannian smoothing method as proposed in Chapter 3 of this thesis. [174, 148] proposed the
Riemannian Sequential Quadratic Programming (RSQP) method. RSQP attempts to solve following

quadratic programming on tangent space at each iteration xy:

minazer, M 5 (Bi [Axi], Azy) + (grad f(ay), Axy)
s.t. gi (1) + (grad g; (zg) , Azg) <0, i =1,2,...,m, (1.3)
hj (z) + (grad hj (x) , Azg) =0, j=1,2,...,1.

The mathematical notations above can be referred to in the next chapter on Riemannian geometry. Here,
By : Ty, M — T,, M is a modified Hessian of the Lagrangian function and is a symmetric positive

definite linear operator. [148] first convert (1.3) into Euclidean form and then solve. [103] proposed a
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heuristic algorithm for the submanifold with nonnegative constraints by imitating the techniques from
Riemannian optimization.

We should emphasize that (CRO) retains the advantages of (URO) and successfully solves the
previously mentioned issues, i.e., (CRO) only requires some of the constraints to be manifolds, not all.
Moreover, the algorithm design for (CRO) can still use the existing manifold toolbox. For example, the
RALM and REPM algorithms introduced previously are based on Manopt’s various solvers (actually they

are wrappers of Manopt) and do not require any new geometric tools to be developed on M.

1.3.2 Applications of Constrained Riemannian Optimization

Constrained Riemannian optimization feature naturally in applications such as orthogonal nonnegative
matrix factorization [125, 210]; subproblem of k-indicators model for data clustering [49, 116]; minimum
balanced cut for graph bisection [128]; nonnegative principal component analysis [141]; k-means via low-
rank SDP [45]. (CRO) may be required for any application that already is modeled using unconstrained
Riemannian optimization. Because it is common to add some new constraints to an existing (URO) model,
such as non-negative constraints.

We next provide two concrete application problems below, which will appear in the numerical
experiments in the latter Chapter 6 to test the efficiency of our proposal — Riemannian Interior Point
Methods (RIPM).

Nonnegative Low-Rank Matrix (NLRM) Approximation

Recently, [182] proposed the NLRM approximation method, which is different from the classical Non-
negative Matrix Factorization (NMF) method, i.e., ming c>¢ |4 — BC||3 for B € R™*", C € R™*".
Mathematically, NLRM aims to solve

min |4 - X|% st X >0. (NLRM)
X€eFr(m,n,r)

Clearly, NLRM can obtain a better nonnegative low-rank matrix approximation than that of NMF.

Projection onto Nonnegative Stiefel Manifold

Given C' € R™**  we compute its projection onto the nonnegative part of the Stiefel manifold. The
Stiefel manifold, denoted as St(n, k), is the set of n x k matrices X with orthonormal columns. That is,
XTX = I, where I}, is the k x k identity matrix. Consider the distance measured by the Frobenius norm,
we have ||C — X||Z = trace((C — X)T(C — X)). To minimize this distance, we expand:

|C — X |3 = trace(CTC) — 2trace(XTC) + trace(X T X).

Since X lies on the Stiefel manifold, trace(X? X) = trace([},) = k. The term trace(CT C) is constant
with respect to X . Therefore, our problem can be equivalently formulated as

min —2trace(X7C) st X >0, (Model_St)
X eSt(n,k)
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Constrained Euclidean Optimization
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1
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1
1
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Unconstrained Riemannian Optimization
(URO)

Constrained Riemannian Optimization
(CRO)
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| Riemannian Smoothing Method (RSM) i Riemannian Interior Point Methods (RIPM)
i in Chapters 3-4. | in Chapters 5-7.

_______________________________________________________________________

Fig. 1.3 Relationship of several types of Euclidean optimization and Riemannian optimization introduced
in this chapter.

which has a linear objective function. In [116], it is shown that (Model_St) can be reformulated into

min  —2trace(X7C) st. X >0, and | XV|p =1, (Model_Ob)
X €O0b(n,k)

where the positive integer p and matrix V' € R¥*P can be arbitrary as long as ||V||p = 1 and VV 7T is
entrywise positive. In particular, the feasible region of (Model_St) and (Model_Ob) are identical.
1.4 Summary and Thesis Structure

Fig. 1.3 displays the relationship between all the various types of Euclidean optimization (UEO, CEO)
and Riemannian optimization (URO, NRO, CRO) mentioned in the previous three sections. There is a

close relationship between them. As shown in Fig. 1.3, the main contribution of this thesis is to propose
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Chapter 2
Review of Riemannian Geometry

N

Chapter 3 Chapter 5
Riemannian Smoothing Method Riemannian Interior Point Methods
(RSM) (RIPM)
Chapter 6

Global Convergent Algorithm of RIPM

Chapter 4 Chapter 7
Application of RSM: Several Theoretical Results
Completely Positive Factorization Problem for Quasi-Newton RIPM
Chapter 8

Conclusions and Future Research

Fig. 1.4 The rest of the thesis begins with a review of Riemannian geometry providing the various tools
for optimization, followed by two proposed algorithms that are independent of each other: the RSM and
the RIPM. It ends with conclusions and future work.
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novel algorithms for two of these types of Riemannian optimization. Fig. 1.4 summarizes the structure
and reading order of the rest of this thesis. The content of this thesis is divided into three main Parts,

whose corresponding chapters and outlines are shown below:

Part I: Preliminary

* Chapter 1 (this chapter) provides an overview of several different types of Riemannian optimization
problems and gives the structure of this thesis.

* Chapter 2 introduces tools and useful conclusions in Riemannian geometry that we will use later.

Readers familiar with Riemannian geometry can skip this chapter.

Part I1: Proposal I - Riemannian Smoothing Method (RSM)

» Chapter 3 presents the general framework of the Riemannian smoothing method for nonsmooth Rie-
mannian optimization.

» Chapter 4 deals with the application of Riemannian smoothing method to the problem of completely

positive matrix factorization, an open problem in conic optimization theory.

Part I1I: Proposal II - Riemannian Interior Point Methods (RIPM)

* Chapter 5 presents the Riemannian interior point method for constrained Riemannian optimization.
We will discuss the details of all theoretical generalizations and a prototype algorithm and its local
convergence.

* Chapter 6 gives a globally convergent Riemannian interior point algorithm and proves its global
convergence. In addition, numerical experiments verify its effectiveness.

* Chapter 7 explores the Riemannian interior point method using the quasi-Newton method.

» Chapter 8 gives conclusions and future work of this thesis.
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Chapter 1. Overview of Several Types of Riemannian Optimizations
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Chapter 2

Review of Riemannian Geometry

Part Section

2.1 Linear Algebra

2.2 Smooth Manifold

2.3 Tangent Vectors

2.4 Derivatives of Maps

2.5 Embedded Submanifold

2.6 Vector Fields

2.7 Retractions

2.8 Riemannian Manifolds

2.9 Connections, Covariant Derivatives and Hessians
2.10 Induced Covariant Derivative and Geodesics
2.11 Exponential Map

2.12 Metric Space

Part 1. Basic tools

2.13 Parallel Transport

2.14 Vector Transports

2.15 Totally Retractive Neighborhood

2.16 Lipschitz Continuity with Respect to a Vector Transport

Part 2. Advanced tools

2.17 Local Errors of Retractions and Vector Transports

2.18 Fundamental Theorem of Calculus in Riemannian Case
2.19 Some Lemmas on Newton method

2.20 Geometry Tools of Product Manifold A/

2.21 Note and References

Part 3. Auxiliary results

This chapter introduces the basic tools of Riemannian geometry, as well as useful results that are
indispensable to our subsequent chapters. For those readers already familiar with Riemannian geometry,
please continue to the next chapter. Table 2.1 in next page illustrates a quick comparison of the various
concepts/tools of Riemannian manifolds and familiar Euclidean space (typical, R™). The reader may check
this table from time to time while reading this chapter. Keep in mind that manifolds are generalizations of

Euclidean space.
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2.1 Linear Algebra

Let £ and &£’ be two finite-dimensional normed vector spaces, equipped with norms induced by inner
products (-, -)¢ and (-, -) ¢, respectively. Let A: £ — £’ be a linear operator. The adjoint of A, denoted
as A*, is another linear operator defined from £’ to £, and it is characterized by the following property
that for all vectors v € £ and u € £":

(A), u)er = (v, A"(u))e.

The operator norm of .4, denoted as ||.A||, is the supremum of the norm of A(v) for all (at most) unit

vectors v € &, where the norm of A(v) is taken in the vector space £’
Il := sup {[|A()ll¢r [ v € €, [[v]le = 1} = sup {[[A(v)[|g/ |v € &, [[v]le <1} (2.D)

For writing convenience, when the operator .4 acts on a vector v, and its result may be denoted as Av,
omitting the parentheses. Moreover, a linear operator A: £ — £ is called self-adjoint or symmetric if
A = A*. In most cases throughout this thesis, the symbol £ and £’ typically denote some tangent spaces
(a kind of vector space, see Section 2.3 later). Specifically, our analysis of operators on tangent spaces
often draws on our understanding of linear algebra.

Finally, let us focus on orthogonal projector, which is very useful in exploring the geometry tools
of submanifold of Euclidean space later on. Let £ be a finite-dimensional vector space equipped with
inner product (-, -). If F is a subspace of £, then the orthogonal complement of F (with respect to (-, -)),
defined by

Fr={ve&:(v,u)=0forallu e F}

is also a subspace of £ [9, 6.46 (a)]. Moreover, F and F L become a direct sum decomposition of &, i.e.,
each v € & can be uniquely written in the form v = v + w withu € F and w € F 19, 6.47]. In this

case, we define the orthogonal projection of £ onto F (with respect to (-, -)) as the linear operator
Projr: € = F C £: v+ Projz(v) :== u.

Indeed, Proj 7 is self-adjoint, i.e., Vu,v € &, (u, Projr(v)) = (Projz(u),v) . Refer to [9, 7.32 (a)] or
[34, Proposition 3.55] for proofs.

2.2 Smooth Manifold

We begin with a set M equipped with a topological structure. To minimize an objective function f that
is defined on M, understanding how its derivatives behave becomes crucial. This understanding serves
as the foundation for developing various optimization techniques, such as the steepest descent method
and Newton method. When we extend our consideration beyond the Euclidean space (topological space
M might not be a subset of the Euclidean space) to include broader spaces, defining the derivative of
f directly becomes challenging due to the inherent abstraction of M. This leads us to the definition of

“manifolds” — a concept that bridges the gap between abstract spaces and differentiable structures. In this
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section, we will briefly introduce various manifolds step by step. For a more comprehensive insight into
manifolds, see [127].

2.2.1 Topological Manifold

By enhancing the structure of a given topological space M, our goal is to establish a notion of differentia-
bility of functions defined on M. We initiate this process by considering topological manifolds and then

proceed to differentiable manifolds in next subsection.

Definition 1 (Topological Manifold). A topological space M is called an n-dimensional topological
manifold if it is a second-countable Hausdorff space; and, for any point p in M, there exists an open set
U in M containing p and a homeomorphism ¢: U/ — V from U to an open set V in R™. We denote the

dimension of M as dim M = n.

In Definition 1, the pair (U, ) is called a chart around p. Consequently, p can be represented using an
n-tuple of real numbers ¢(p) € R™ through the function ¢. If ; : Y — R is used to map a point p € U
to the i-th component of ¢(p), the chart (U, ) can be alternatively denoted as (U; x1, z2, . .., x,), wWith
the notation ¢ = (21,29, ..., Tp).

According to Definition 1, for an n-dimensional topological manifold M, there exists a set of indices
denoted as A, along with a collection of charts {(U, ¢x)}yca such that M = [, o, Ux. This collection
of charts, { (U, ¥x)}sen. is called an atlas of M.

2.2.2 Differentiable Manifold

For any point p in M and a chart (U, ¢) around p, we have that I/ is homeomorphic to an open set (i)
contained in R™. Then, one could attempt to establish the differentiability of f: M — R at p in i/ by

considering the differentiability of
fop lipU) CR" =R

at o(p). However, it is worth recognizing that more than one chart around p might be available, and the
concept of differentiability for f at p should remain consistent irrespective of the chosen chart around p.

This leads to the following definition.

Definition 2 (C" (Differentiable) Manifold). Let r be a natural number or co. A topological space M is
a C" (differentiable) manifold if it satisfies the following conditions: M is a topological manifold with an

atlas {(Ux, ©x)} s and, for any o, 3 € A where U, NUg # (), the coordinate transformation
0500t Yo (Ua NU) CR™ — @5 (Us NU) CR™ (2.2)

is of class CT in the usual Euclidean sense. This atlas is then referred to as a C" atlas.

In fact, if f o cpgl belongs to the class C* for a certain integer s < r at g(p), then fo o 1 =
(fo (pgl) o (905 o go;l) is also of class C* at o, (p), in accordance with the results established in the

Euclidean space. Thus, the following definition is well-defined.
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Definition 3 (Smoothness of f: M — R). Let M be a C" manifold and s be an integer with s < r. A
function f: M — R s said to be of class C* on M fif, for every point p € M, there exists a chart (I, )

1

and f o ™ is of class C* at the point ¢(p).

Remark 1. Note that differentiability refers to whether a function is s times (continuously) differentiable at
a point or over a set. Differentiability itself is not a s-th-order derivative. For example, the differentiability
of f at p (i.e., the differentiability of f o ! at ¢(p)) does not depend on the chart choice, but its
(first-order) derivative

I(fop!
(f&;j)(go(p)),izl,...,n (23)

depend on the chart choice.

The Definition 2 arises from the discussion about the necessity for the differentiability of the function
f+ M — R to be consistently defined, irrespective of the selected chart. Actually, the smoothness of
coordinate transformation ¢ 0, ! in (2.2) is also important to define the differentiability of £': M — N

between any two manifolds M and N, as we will see later on (see Definition 5 later).

Example 1. Equipped with the atlas 2 := {(R™,id)} consisting of a single chart, the Euclidean space

R™ is an n-dimensional C'*° manifold.

2.2.3 Smooth Structure

Let us explore the concept of atlases in more detail. A C" manifold M can admit several C" atlases.
Suppose that M has two atlases: A = {(Ua, Pa)}aca and B = {(Vs,¥p)} 5c . If forany o € A and
B € B where U, N V5 # 0, both 150t and ¢4 o wﬁ_l are of class C", we say that atlas B is equivalent
to atlas 2. It is obvious that in this case 2 U ®B is another valid C" atlas for M. On the other hand, if
f: M — Risof C? class for some s < r (see Definition 3) with respect to atlas 2, it also is of C'* with
respect to atlas *B. Hence, there is no need to specify one of them, and we consider the largest atlas that

contains all of them.

Definition 4 (Maximal Atlas, Smooth Structure). Consider a C" manifold M equipped with an atlas
2. The union of all atlases that are equivalent to 2 is termed as the maximal atlas or differential/smooth
structure of M generated by 2. We assume the presence of a maximal atlas unless we endow a manifold

with a specific atlas.

Remark 2. In general, manifold M may admit two distinct atlases that are not equivalent, so that their
corresponding maximal atlases are also distinct. These atlases then lead to different smooth structures on
M. See example in [34, Exercise 8.14], where a function can qualify as smooth under one atlas but fail to

be smooth under another atlas.

2.2.4 Differentiability

In a similar manner as Definition 3, we can define the differentiability for a general map between the
manifolds M and V.
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Definition 5 (Smoothness of F': M — N'). Consider M and N as m-dimensional and n-dimensional
C™ manifolds, respectively. Let s be an integer with s < r. A function F': M — N is said to belong to
class C* on M if for any point p € M, there exist C" charts (U, ¢) and (V, ) for M and N containing
points p and f(p), respectively, such that f(U/) C V), and the composition

f=twofopt:pU) CR™ = (V) CR"

is of class C* at the point (p) in the usual Euclidean sense.

As a special case of the above definition, we focus on curves on a manifold. Curves serve as essential

tools for defining the concept of tangent vectors.

Definition 6 (Curve on Manifold). Given an interval I C R and a C" manifold M, amap v: [ — M is
called a C* curve, if it is of class C* in the sense of Definition 5.

In the following, we adopt r = s = o0, indicating that we primarily consider C'*° manifolds, i.e.,

smooth manifolds and C'*° (or smooth) functions and curves, unless we specify otherwise explicitly.

2.3 Tangent Vectors

At each point on a smooth manifold, we introduce a vector space known as a tangent space. This concept
draws an analogy to the idea of a tangent plane at each point on a smooth surface.

Let us start by looking at a smooth curve v: I — R" in Euclidean space, where [ is an open interval
of R containing 0. The curve goes through a point p € R™ such that (0) = p. We can describe the curve
as v(t) =: (z1(t), z2(t),..., z, ()" = Yo, zi(t)e;, where e; is the i-th standard basis vector in R”

and x;(0) = p;. Since y(t) — v(0) € R™ for this curve, we can define the derivative of curve y at 0 as

n

’ L i s V(t) _7(0) o % ]
7(0) = () = lin == = ; 5 Ve, (2.4)

which is regarded as a tangent vector of the curve v at £ = 0. In physics, it is the velocity vector of a
particle moving along the curve ~y at time ¢ = 0.

Next, let us consider a smooth curve v: I — M on an n-dimensional manifold M. We want
to extend the concept of a tangent vector to a curve on the manifold. For the points on manifold,
however, the notion of linear structure, like v(¢) — v(0), is generally not well-defined. A natural idea
would be this: given a chart (U, ) around v(0) =: p € M, one could represent the curve v near p
by o(v(t)) =: (z1(t), z2(t), ..., an(t))T =: 2(t) € R™ and compute (o o 7)'(0) = 2/(0) as in the
Euclidean case (2.4). We then obtain

& 0)
- : eR". (2.5)
& (0)

d(p(y(t)))
dt =0

However, the tangent vector in (2.5) is dependent on a specific chart. We need to define tangent

vectors in a way that is independent of the choice of chart. Therefore, we formally define the tangent
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vector as a differential operator of a real-valued function on the manfiold. Let §, (M) denote the set of all

smooth real-valued functions defined on a neighborhood of p € M.

Definition 7 (Tangent Vectors). Given an n-dimensional manifold M, a map ¢ : §,(M) — R is called
as a tangent vector at a point p on M, if there exists a smooth curve vv: I — M such that v(0) = p and
the following holds:

€f = LI0)|  forany £ € F(M) @6

t=0

Such a curve 7 is said to realize the tangent vector &, we also write £ = 4(0).

We explain Definition 7 in more details. Let f be a smooth real-valued function defined on a
neighborhood of p € M and v: I — M be a smooth curve such that v(0) = p. We examine the
composition f o~: I — R. Importantly, the derivative of f o~ at ¢ = 0 is a usual derivative that is

irrelevant to the chart. However, we can expand the formulation of derivative utilizing a specific chart ¢

as follows:
rom)| = Sreenenm| =3 {0 D gepl. e
A T A 0w, V(=
o1
Note that dft" (0) above is what we discussed in (2.5) and a(faifi)(go(p)) is also discussed in (2.3). Both
o1
of them rely on the charts . Let %‘ f= %(w(p))' The we have
2 p 2
d ~dz; 0
— t = 0 2.8
00 =D GO 5 s .8

where we can interpret 6%‘ as a map from §,(M) to R. In conclusion, using different charts yields
different expansions as (2.8). However, the result of the summation in right hand of (2.8) is guaranteed to
be the same since the left hand of (2.8) is irrelevant to the charts. As the function f is chosen arbitrarily,

the quantity % f(y(@) ] +—o captures the nature of a tangent vector along 7.

Remark 3. Given any smooth curve v on M with v(0) = p, naturally, it yields a tangent vector, because
we could simply define it according to (2.6). So it is often straightforward to write 4(0) to represent the

tangent vectors.

Proposition 1 (Tangent Space). It can be shown that the set of all tangent vectors at point p can form
an n-dimensional real vector space, referred to as the tangent space of M at p, denoted by T, M. To be
specific, T, M admits a linear structure defined by (a’1(0) + b¥2(0)) f := a (41(0) f) 4+ b (42(0) f) for
any 71(0), ¥2(0) € TyM and a,b € R. See [5, Page 34-35] for details.

Given a tangent vector £ to p € M, there are infinitely many curves -y that can realize £. They can be
characterized as follows [5, Proposition 3.5.2]:
d (e (n(®))) d (¢ (12(2)))

41(0) = 42(0), if and only if, —————-= = o

dt t=0 t=0

for some chart ¢ around p. Indeed, Boumal [34] defines tangent vectors as the the equivalence classes

of curves using above property. That is, for any ci,c2 € C), := {c: ¢: I — M is smooth curves and
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c(0) = p}, we define ¢ ~ ¢z if (p o 1) (0) = (w0 ¢2)’ (0). Also, it can be shown that this equivalence
relation is independent of the chart . Then, Boumal [34] defines tangent space as T, M := C,,/ ~=
{le] : c € Cp}.

Example 2 (Canonical Identification). Let us consider the case where M = R"™ and recall the definitions

of 4/(0) in (2.4). Utilizing Definition 7 and the chain rule in Euclidean case, we deduce that

&1 =300 = FFOW)| =Ds6) /O]
Notably, the map = — &£, where x = +/(0) and £ = %(0) for some curve ~, stands as an isomorphism
(a linear bijection) between R™ and T’,(q)R", and this relationship holds regardless of the chosen 7.
It is useful to identify 7/(0) € R™ with 4(0) € T',)R". Consequently, we establish the canonical
identification:
T,R™ = R", for all z € R™. 2.9)

We shall employ this identification when it becomes necessary. This result can be further extended to the
general vector space, i.e.,
T, =&, forallz € R™. (2.10)

Remark 4. Except for trivial cases such as Euclidean space, the tangent spaces of different points are
usually different from each other. When M is a subset of Euclidean space, the tangent space is just a

subspace.

2.4 Derivatives of Maps

In our previous sections, we have discussed the concept of differentiability as it applies to maps between
manifolds. Building upon this understanding, in this section we shall introduce the formal definition of
derivatives (see Remark 1 for difference between “differentiability” and “derivatives”). The derivatives

can have a direct application in optimization algorithms on manifold.

Definition 8 (Derivatives, Differential). Consider two smooth manifolds M and N. The derivative or

differential of a smooth map F': M — N at a point p € M is defined by
DF(p): TyM = TrpyN, DF(p)[¥(0)] := £ (0). (2.11)

where  is a curve on M with v(0) = p, and yp := F o v is the corresponding image curve on .

It can be shown that DF'(p) is linear. Let § () (N') denote the set of all smooth real-valued functions
defined on a neighborhood of F'(p) € N. Note that for any g € Fp()(N), go F € §p(M). Let us take
our attention to the behavior of the right-hand side of (2.11), §#(0), when it acts on g € F ) (N). Then
we have

d(go (Fov)) d((go F) o)

O)(g) = TG = SR =40 )

This series of equalities show that the right-hand side of (2.11) is invariant with respect to the choice

of curve v provided they realize the same tangent vector. Without using the curve explicitly to realize



Section 2.5 Embedded Submanifold 27

a tangent vector, we can also define the derivative as follows: for any £ € T, M, DF'(p)[¢] is a tangent
vector in T, such that for all g € §p(,) (N),

(DF(p)[€])(g) = &(g o F). (2.12)

In fact, Definition 8 is consistent with the usual derivatives. If F': £ — &’ is a smooth function
between two vector spaces, with identification 7,,€ = £ and T F(p)é' "= &' from (2.10), then the differential
DF'(p) reduces to its classical directional derivative given by

F(p+t€) — F(p)

DF(p): £ = &', DF(p) [¢] = lim (2.13)
t—0 t
On the other hand, consider a smooth function f: M — R. By identifying T, R = R, we have
Df(p): TyM = R, Df(p)[¥(0)] = (f ©7)'(0). (2.14)

We conclude this section with the following useful properties of derivatives, which are the natural extension
of the classical results.
1. (Linearity of Smooth Maps) Consider smooth maps Fi, Fb : M — &, where £ is a linear space,
and real numbers aj, ay. For map F': x — a1 Fy(x) + a2 Fa(x), we have

DF(z) = a1DFi(x) + aaDF5(x).

2. (Chain Rule for Differentials [165, Proposition 3.2]) Let F: M — M’ and G : M’ — M" be
smooth maps between manifolds. Then, the chain rule is applicable to the differential of their
composition:

D(G o F)(z)[v] = DG(F(z))[DF (x)[v]].

2.5 Embedded Submanifold

This section introduces the concept of a submanifold, which is a manifold in its own right, and at the same

time a subset of another manifold (usually a subset of some vector spaces such as R™ and R™*™),

Definition 9 ((Regular) Submanifold). Let M be an m-dimensional manifold and A be a subset of
M. The subset N' C M is called an n-dimensional (regular) submanifold of M if, for all p €
N, there exists a chart (U;x1,x2,...,2,) of N containing p such that the intersection N NU =

{g et :2ni1(q) = Tni2(q) = - = zm(q) = O}.

According to [193, Proposition 9.4], a regular submanifold N of M is indeed a manifold. In general,
it is difficult to check whether a subset of a manifold is a regular submanifold through definition above. It
will be convenient if we can show that some specific subset of a manifold is a submanifold without using
local chart (U; x1, xa, ..., Zy). The following Theorem 1 and Theorem 2 state two useful and convenient

conclusions. We first introduce a map called embedding as follows.

Definition 10 (Embedding). Let M and N be smooth manifolds. A smooth map F': M — N is called
an embedding if
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() itis an immersion, namely, DF'(p): T,M — Tp)N is injective (i.e., rank of DF'(p) equals to
dim M) for all p € M;
(i) the image F'(M) with the subspace topology (induced by N) is homeomorphic to M under F'.

By the next theorem, a regular submanifold is also called an embedded submanifold because it must
be the image of some embedding map; actually, they are one and the same thing. See [193, Theorem

11.13 & 11.14] for proofs. In this thesis, we refer to them simply as “submanifolds”.

Theorem 1 (Embedded Submanifold = Regular Submanifold). Let M and N be smooth manifolds. If
F: N — M is an embedding, then its image F(N') is a regular submanifold of M. If N is a regular
submanifold of M, then the inclusion map v: N' — M, 1(p) = p, is an embedding. (Note that the image
of tisN.)

The next theorem introduces an important class of submanifolds that cover most of the manifolds we
will encounter in applications. In fact, most manifolds in Table 3.1 can be proved to be manifolds by the

next theorem. See [193, Theorem 9.9] for proof.

Theorem 2 (Regular Level Set Theorem). Let F': M — N be a smooth map between manifolds, with
dim M = m and dim N = n (m > n). If a level set M := F~1({q}) with ¢ € N is nonempty, and
DF(p): T,M — TppN is surjective (i.e., rank of DF (p) equals to n) for all p € M, then M is an

(m — n)-dimensional submanifold of M.

Let M be a submanifold of a manifold M (by definition, M C M). Then tangent space T, M
at a point x on M can be expressed as a subspace of T, M. Indeed, the inclusion map :: M — M
satisfies De(z)[¢] € T,M for & € T, M. For any smooth function f € F,(M) and its restriction
f = f|y € F=(M), by (2.12), we have

(De(@)[E])f = &(for) =&f.

Thus, we can identify ¢ with De(x)[€] and, thereby, T, M with a subspace of T, M. In fact, by [34,
Corollary 8.76], we have
TM =kerDF(x) C T,M. (2.15)

Specifically, we can identify 7, M with a subspace of T, R" ~ R" if M is a submanifold of R", and
T'x M with a subspace of T'x R"™*" ~ R™*™ if M is a submanifold of R"*",

Example 3 (Stiefel Manifold). For integers k& < n, the set St(n, k) := {X € R™* : XTX = I} is
called (compact) Stiefel manifold, where the columns of X are orthonormal in R™ with respect to the
standard inner product (z,y) = x7y. Notice that St(n, k) = F~! ({I}) with

F:RY* 5 8(k): X — F(X):=XTX
where S(k) is the linear space of symmetric matrices of size k. From (2.13), we can compute
DF(X): R™* - S(k): ¢ » DF(X)[¢] = XTe + €T X.

To demonstrate D F'(X) is surjective for any fixed X € St(n, k), we find that for any A € S(k), there
exists £ := XA € R"*¥ such that DF(X)[¢] = A. Thus, by Theorem 2, St(n, k) is a submanifold of



Section 2.6 Vector Fields 29

R™ ¥ and dim St(n, k) = dim R"** — dim S(k) = nk — k(kTH) Indeed, by (2.15), the tangent space
Tx St(n,k) = ker DF(X) is given by

Ty St(n, k) = {5 e Rk xTe 4 eTX = 0}

- {XQ + X, B: Qe Skew(k), B € RW’“)X’“} :

where Skew (k) := {Q € RF** : OT = —Q} is the linear space of skew-symmetric matrices of size k;
X, € R™ (k) s an arbitrary matrix such that [X, X | € R™*" is orthogonal. The second line above
allows an explicit form by parametrization. Refer to [34, Section 7.3] and [5, Example 3.5.2] for detailed
instructions. In particular, we consider two special cases of Stiefel manifold below.

o If k =1, then Sp"~! := St(n,1) = {x € R : ||z||o = 1} is called (unit) sphere manifold. We have

n—1

dim Sp =n—1and

T,Sp" ! = {f GR”:ngz()}.

o If k = n, then O(n) := St(n,n) = {X e R"": XTX = I,} is called orthogonal group. It is a
group equipped with matrix multiplication as its group operation. Being both a manifold and a group, it

n(n—1)
2

is called a Lie group. We have dim O(n) = and

TxO(n) = {XQ € R"”™: Q € Skew(n)} = X Skew(n).

2.6 Vector Fields

The concept of tangent bundle forms the basis for defining vector fields, and other fundamental concepts

(e.g., retractions) in the study of Riemannian optimization.

Definition 11 (Tangent Bundle). The tangent bundle T'M of an n-dimensional manifold M is the set
defined as
TM = {(z,v) :x € Mandv € T, M},

i.e., the disjoint union of all the tangent spaces.

Remark 5. When the context is clear, we may simplify the notation, using v € T M to represent the pair
(x,v) € TM.

A natural projection map 7 : M — M, w(z,v) := x extracts the base point associated with a given
tangent vector. It can be shown that the tangent bundle 7'M is itself a manifold, possessing a dimension
of 2n, in such a way that the projection map 7 : 7'M — M is smooth, where the smoothness is defined
through Definition 5. See [127, Proposition 3.18] for details. Now, the manifold structure imposed on

T M enables the definition of smooth vector fields on manifolds.

Definition 12 (Vector Field). A vector field on the manifold M is a map, denoted as

ViM—TM,
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such that m o V' = Id x4, where Id v, is the identity map on M. This means that V() is an element of the
tangent space 1, M for all x € M. If such map V' is smooth, then V is called a smooth vector field. The
set of all smooth vector fields on M is denoted by X(M).

Example 4. Consider R" with canonical identification 7,R™ = R" for all x € R™. Then V' € X(R") is
exactly a smooth function V' : R” — R".

Remark 6. A scalar field is described as a function that assigns a scalar value to every point in a specific
space, such as Euclidean space or a manifold. In the context of Riemannian optimization, it precisely
corresponds to the objective function of our problem min,c ¢ f(x). We often conflate terminologies for

“real-valued function” and “scalar field”.

Smooth vector fields play an important role in the Riemannian optimization. We summarize the
following characterization of smooth vector fields. Let §(M) denote the set of all smooth real-valued
function defined on the manifold M.

Definition 13 (Action of Vector Field on Scalar Field). Let V' be a vector field on the manifold M. The
action of V' on a smooth scalar field f € F(M) is defined as

(Vf)(@) :==Df(z)[V(z)], (2.16)
where the right-hand above is given by (2.14).

An important result is that a vector field V' on M is smooth if and only if V' f: M — R is smooth for
all f € F(M). See [127, Proposition 8.14]. This allows us to regard V' € X(M) as a map

V:§(M) = FM).

Definition 14 (Multiplication of Scalar Field and Vector Field). For any f € §(M) and V' € X(M), the
vector field fV on M, defined as

(fV)(@) := f(x)V (2). (2.17)

By [34, Exercise 3.46 & 8.48], fV is also smooth. This allows us to regard f € (M) as a map
f: X(M) — X(M), performing a pointwise scaling. Be cautious not to conflate the notations of V' f in
(2.16) and fV in (2.17).

Remark 7. It can be shown that for any V, W € X(M) and f, g € §F(M), the vector field fV + gWW is
also smooth. Thus, X(M) forms a module over §(M). When f, g is taken to be constant, X (M) is also
a real vector space.

2.7 Retractions

A retraction is a key operation that provides a way to move around the manifold, and it plays a central role

in Riemannian optimization algorithms.
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Definition 15 (Retraction - I). A retraction on a manifold M is a smooth map
R: TM — M : (z,&) — Ry(§)

such that for each (z, &) € TM, the curve y(t) := R, (¢£) satisfies (0) = &.

Frequently, R, : T, M — M denotes the restriction of R to T, M. Let (z,£) € TM, ie.,z € M
and £ € T, M. If the curve (t) = R,(t&) realize the tangent vector &, it is implicitly required that
v(0) = Ry (0;) = x. This means that the retraction R, maps the zero element 0, of the tangent
space 1, M to the point z itself. On the other hand, using chain rule and the canonical identification
To, TpyM = Ty M, we have ¥(0) = DR;(0;) [¢] = &. Note that £ is arbitrary. Thus, an equivalent

definition of retraction is given as follows.

Definition 16 (Retraction - IT). A retraction on a manifold M is a smooth map R: T M — M with the
following properties, where R, denotes the restriction of R to T, M:

1. R; (05) = =x.

2. DR, (0,) = Idp, mpm-

The second condition implies that the differential of R, at O, is the identity map Idp, ¢ on T, M. It
means that R, behaves like the identity map on the tangent space 1,M near the origin 0.

Example 5. When M = R", R, (§) = = + £ is a trivial retraction.

Example 6 (Retraction on Sphere). The simplest retraction on sphere manifold Sp™~! is
z+¢£
Rz (§) = :
’ [l + ¢l

It is straightforward to check that this retraction satisfies the properties in Definition 16.

Example 7 (Retractions on Stiefel Manifold). There are many often-used retractions on Stiefel manifold
St(n, k). Let X € St(n, k) and £ € Tx St(n, k) (Recall Example 3).
* (Q-factor retraction:

Rx(§) =@,

where QR = X + £ is a thin/reduced QR decomposition with @ € St(n, k) and R € R¥** upper

triangular with nonnegative diagonal. Since
(X+9"(X+)=L+E¢-0 (2.18)

for all £ € Tx St(n, k), then X + £ has full rank %, implying that the thin/reduced QR decomposition
is uniquely determined [96, Theorem 2.1.14]. To see this retraction satisfies the properties in Definition
16, refer to [5, Example 8.1.5].

e Polar retraction:

Rx(§) = (X +&) (X +OT(X +6) * = (X +&) (I +T¢) 2.19)

=, (2.20)
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where M ~1/2 denotes the inverse of square root of M; and US = X + £ is a polar decomposition
with U € St(n, k) and positive semidefinite matrix S € S(k). Again by (2.18), X + ¢ has full rank
k, implying that the matrix U (called polar factor) of polar decomposition is uniquely determined [96,
Theorem 7.3.1, (b)-(c)]. It is straightforward to check that this retraction (2.19) satisfies the properties
in Definition 16.

* Cayley transform retraction [201, 219, 115]:
1 -t 1
Rx (&) = (I — 2W§> <I+ 2W5> X

where Skew(n) > We := PxéXT — X¢TPx and Py =1 — %XXT. It can be shown that the curve
t — v(t) = Rx(t) is contained in St(n, k) and satisfies v(0) = X and ¥(0) = WX = £ as in
Definition 15, see [201, Lemma 3].

2.8 Riemannian Manifolds

In order to define geometric structures on manifolds, such as the lengths of curves and the distances
between points, we now introduce the notion of Riemannian metrics.

Since tangent spaces are vector spaces, we can endow them with the inner products. Given a tangent
space T, M at a point 2 on a manifold M, an inner product (-, -), : T, M x T, M — R is a function that
satisfies:

1. (Non-negativity) (v, v), > 0 forall v € T, M.

2. (Definiteness) (v, v), = 0 if and only if v = 0.
3. (Symmetry) (u,v), = (v, u), forall u,v € T, M.
4. (Linearity) (au + bv, w); = a{u, w)y + b(v, w), for all u,v,w € T, M and a,b € R.
With this inner product, we can induce a norm as |||, := \/(&, §), on T, M. For convenience, we may

omit the subscript  when it is clear from the context.

2.8.1 Riemannian Metric

Definition 17 (Riemannian Metric). A Riemannian metric on the manifold M is a choice of inner product
(-, ) for each point x on M such that x — (-, ), varies smoothly across the manifold in the following
sense: for all V,W € X(M), the map

z = (V(z), W(z))s 2.21)

is a smooth function from M to R. (See Fig. 2.1) When the manifold M is equipped with a Riemannian

metric, M is called a Riemannian manifold.
Example 8. Consider M = R"™ with canonical identification 7T,,R™ = R", the standard Euclidean product
(v, W)y = vTw (the same at all points) is a Riemannian metric.

It is well-known that for any smooth manifold M, there exists a Riemannian metric on M; and thus,

any smooth manifold can become a Riemannian manifold. For more detail, see [127, Proposition 13.3].
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R
T.M z 13 A

S

Fig. 2.1 An illustration of Riemannian metric on sphere manifold.

Recall that the second-countability is the topological property that we request for defining the manifold
(review Definition 1). This property ensures the manifold has a countable base for its topology. This
is a crucial requirement for various mathematical constructions and proofs, including the existence of

partitions of unity, which are used for the construction of Riemannian metrics.

2.8.2 Local Frame

Next, we will introduce the local frame, which is a technical tool and very useful in many proofs.

Definition 18 (Local Frame). A local frame around a point z on an n-dimensional manifold M is a
collection of n smooth vector fields, { £y, Eo, ..., E,}, defined on a neighborhood U of x such that for
every point y € U, the tangent vectors { F1(y), E2(y), . .., En(y)} form a basis for T, M.

It can be shown that there exists a local frame around any z € M. Moreover, consider M as a
Riemannian manifold. Use the Gram-Schmidt procedure on an existing local frame, an orthonormal local
frame exists [127, Corollary 13.8]. Specifically, an orthonormal local frame {F, Eo, ..., E,} is defined
on a neighborhood U/ around z such that

1 ifi=j,
VyeU, (Ei(y).E;(y)),= 0 otherwi
otherwise.

2.8.3 Riemannian Gradient
We next define the Riemannian gradient of a scalar field f as a vector field, denoted by grad f.

Definition 19 (Riemannian Gradient). The Riemannian gradient of f at x, grad f(x), is the unique

tangent vector in 7, M characterized by the following identities:

Df(z)[¢] = (€, grad f(z)), (2.22)

where D f(z): T, M — R represents the differential of the scalar field f at the point .
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Fig. 2.2 Illustration of the Riemannian gradient on sphere manifold.

Note that the existence and uniqueness of grad f(x) comes from the Riesz representation theorem
(see, e.g., [9, 6.42]). We can show that the direction (i.e., tangent vector) of grad f(x) is the steepest

ascent direction of f at x in the sense of

grad f(x
et T e e DI 229
Recall the Cauchy—Schwarz inequality on general vector space: |(u,v)| < |lu||||v]| and equality holds
if and only if v = Au for some constant A\. Then from the definition of (2.22), the objective of (2.23)
is maximal when £* = Agrad f(x) for some positive number . Taking norm in both sides leads
1 = ||&*|| = Allgrad f(z)||, and hence £* = grad f(z)/|| grad ||. Simimarirly, — grad f(z) is the
steepest descent direction of f at x. For example, see Fig. 2.2.
Remarkably, for any f € (M), the gradient vector field (Fig. 2.3 illustrates a simple example on
2-dim sphere Sp?.)
x +— grad f(z)

is a smooth vector field on M, see [34, Proposition 8.58]. Consequently, the following scalar field on M:

z — |lgrad f(z)||2 = (grad f(z), grad f(2))x (2.24)

is also smooth, owing to the smoothness of the Riemannian metric as previously stated in (2.21). The

smoothness of this type of function is particularly useful in analyzing convergence in later chapters.

2.8.4 Riemannian submanifold

In Section 2.5, we discussed the embedded submanifold, which is a manifold itself and also is a subset
of some Euclidean space £ (often called ambient space). Note that although the ambient space can be a
general manifold (as in Section 2.5), henceforth it suffices for us to focus only on the Euclidean space
& such as R™ and R™*". We next introduce the most important class of Riemannian manifolds, called
Riemannian submanifold of a Euclidean space £. Let £ equipped with an inner product (-, -), and just like

in Example 8, we call it the Euclidean metric.
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Fig. 2.3 Riemannian gradient field of f(x) = —x; + 2x2 + x3 on 2-dim sphere Sp2.

Definition 20 (Riemannian Submanifold). Let M be an embedded submanifold of £. Equipped with the

Riemannian metric obtained by restriction of the metric of £, we call M a Riemannian submanifold of £.

As we discussed in Section 2.5, we know from (2.15) that 7, M is a subspace of 7T,,€ = £. Hence,
we can let T, M inherit the same inner product form ambient space £. In this case, we can conjecture that
the geometric tools of the Riemannian submanifold are directly related to their counterparts in Euclidean

space. Indeed, from [34, Proposition 3.61], we have the following nice conclusion.

Proposition 2 (Gradient of Riemannian Submanifold). Let M be a Riemannian submanifold of £ endowed
with the metric (-, -) and let f: M — R be a smooth function. Let Proj, denote the orthogonal projection
form & onto subspace T, M with respect to (-, -). Then Riemannian gradient of f is given by

grad f(z) = Proj,(grad f(z)),
where f is any smooth extension of f to a neighborhood of M in £.

Remark 8. In most cases of applications, the smooth function f is also well-defined on the whole £. Then,
the smooth extension of f is f itself. See [34, Example 3.62] for a concrete example on sphere manifold.
In fact, we used the above proposition to compute and plot the gradients of f(x) = —x1 + 2z2 + 23 on
2-dim sphere Sp? = {z € R? : ||z||2 = 1} in Fig. 2.3.

2.9 Connections, Covariant Derivatives and Hessians

2.9.1 Riemannian Connections

In the context of Euclidean space, a vector field V' € X(R") is essentially a function from R" to R".

Then we can differentiate vector fields using the classical directional derivative, i.e., for any x € R™ and
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u € R" =~ T,R",

v tu) =V
DV (&)[u] = lim L&) = V(@) (2.25)
t—0 t
However, when working on the general manifolds, we need a more sophisticated notion of derivative of

vector fields. This is where the concept of an (affine) connection, denoted by V, comes in.

Definition 21 ((Affine) Connection). An (affine) connection on M is defined as an operator
V:iX(M)xXM) = XM), (UV)— ViV,

where given any vector fields U, V, W € X(M), and scalar fields f,g € §(M) along with a,b € R,
operator V satisfies the following properties:

L. (§(M)-linearity) V sy rqw)V = fVUV + gV V;

2. (R-linearity) Vi (aV + bW) = aVyV + bVyW;

3. (Leibniz rule) Vi (fV) = (Uf)V + fVyV.

Any manifold has infinitely many connections [5, Proposition 5.2.1]. However, once we add a
Riemannian structure to M, a certain kind of connection (called Riemannian connection) satisfies the
additional properties that make it the most appropriate connection. But before that, we need to introduce
some new operations involving vector fields. In the following, let M be a Riemannian manifold with its

Riemannian metric (-, -).

Inner Product of Vector Fields: Given U,V € X(M), let (U,V) € §(M) be defined as: for all
reM,
(U, VY () :=(U(x),V(x))g. (2.26)

This operation defines an inner product between two vector fields, which results in a scalar field. Using
this notation and recall (2.16) and (2.22), we can see that for any f € F(M),

Vf=(V,grad f).
Lie Bracket of Vector Fields: Given U,V € X(M), the Lie bracket is defined as (recall (2.16)):
(U V]: M) = M), fe=[UV]f=UV[f)-V{U).

This operation quantifies the extent to which the vector fields U and V' do not commute. Remarkably,
there exists a unique smooth vector field W on M such that [U, V] f = W f holds for all f € F(M) (see
[34, Proposition 8.61]). We identify [U, V] with that vector field W. Consequently, Lie bracket can be
seem as a map

[]: X(M) x X(M) — X(M).

Now we are ready to define the Riemannian connection. Its existence and uniqueness is stated in the

fundamental theorem of Riemannian geometry. See [126, Theorem 5.10], [34, Theorem 8.63].

Theorem 3 (Fundamental Theorem of Riemannian Geometry). Given a Riemannian manifold M, there

exists a unique connection V that satisfies two additional properties for all vector fields U, V,W € X(M):
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4. (Symmetry) (U, V| = VyV — VyU;
5. (Compatibility with Metric) U(V,W) = (VyV, W) + (V,VyW).

This specific connection is called the Levi-Civita or Riemannian connection.

Example 9. Consider R" with the Euclidean metric. Let U, V' be smooth vector fields from R™ to R".
Then the Riemannian connection of R" is

(Vo) (&) = lim L& @) = V(@)

lim ; (2.27)

This V is called the canonical Euclidean connection.

2.9.2 Covariant Derivatives

Of particular note that, for any (affine) connection V and vector fields U,V € X(M), the vector field
VyV at a point x only depends on the value of U at that point (see [34, Proposition 8.64]). More precisely,
if we fix arbitrary V € X(M) and x € M, then for any Uy, Us € X(M) with Uy (z) = Us(x), we
have (Vi, V) (x) = (Vy, V) (z). Obviously, the connection given in (2.27) justifies this property in the
Euclidean space. Based on such property, given V' € X(M) and u € T, M, we can write

V.V :=(VyV) (z) e T,M

for arbitrary U € X(M) with U(x) = u. This gives rise to the following very important concept.

Definition 22 (Covariant Derivative of Vector Field). Let M be a manifold with a connection V and
V € X(M). The covariant derivative of vector field V' at a point x € M is the linear operator

VV(z): TyM — TuyM, VV(2)[u] ==V, V. (2.28)
Then z — V'V (x) is a map that assigns to each point x a linear operator from and to the tangent space of
that point.

Example 10. For R” with canonical Euclidean connection (2.27), the covariant derivative of vector field
Ve X(R") atz € R"is VV(z)[u] = DV (x)[u] given in (2.25). On the other hand, it is well-known that
DV (z)[u] = Jy(x)u for all w € R™ where Jy (z) € R™*" is the Jacobian of V" at x. Thus, the Jacobian
Jv () identifies the linear operator VV (z).

2.9.3 Riemannian Hessian

In particular, the Riemannian Hessian of a smooth scalar field f is obtained when V' = grad f in (2.28).

Definition 23 (Riemannian Hessian). Let M be a Riemannian manifold with its Riemannian connection
V. For a smooth function f: M — R, the Riemannian Hessian of f at a point x € M is the linear
operator

Hess f(z): TyM — T, M, Hess f(x)[u] := V, grad f.

Equivalently, Hess f maps X(M) to X(M) as Hess f[U] := Vy grad f.
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Note that the Riemannian Hessian is self-adjoint with respect to the Riemannian metric. Specifically,

for any point x € M and any tangent vectors u, v € T, M, the following equality holds:
(Hess f(x)[u], v)a = (u, Hess f(2)[v])a-

Remark 9. Unless otherwise stated, we always equip Riemannian manifolds with Riemannian connections.
Note that symbol V denotes the connection rather than the usual Euclidean gradient. Instead, we use

egrad f(z) to express the Euclidean gradient if necessary.

As in Proposition 2, for the smooth function f defined on a Riemannian submanifold of a Euclidean
space £, we can obtain the Riemannian Hessian by using the operations in Euclidean sense and then
orthogonally project the result to the tangent spaces. From [34, Corollary 5.16], we have the following

conclusion. See [34, Example 5.17] for a concrete example.

Proposition 3 (Hessian of Riemannian Submanifold). Let M be a Riemannian submanifold of £ endowed
with the metric (-,-) and let f: M — R be a smooth function. Let G be a smooth extension of grad f,
that is, G is any smooth vector field defined on a neighborhood of M in € such that G(x) = grad f(z)
forall x € M. Then,

Hess f(z)[u] = Proj,(DG(x)[u]).

Remark 10. It is important to note that the above proposition does not mean: compute the Euclidean
Hessian and then orthogonally project it to tangent space. Instead, after computing the Riemannian
gradient according to the Proposition 2, we will use classical operations to obtain the differential of the
Riemannian gradient field x — grad f(z), and finally project it orthogonally. In most applications, the
map z + grad f(z) is also well-defined over the whole £. Thus, the smooth extension G is grad f itself.

2.10 Induced Covariant Derivative and Geodesics

“A body remains at rest, or in motion at a constant speed in a straight line, unless acted upon

by a force.” - Newton’s First Law of Motion [142]

In physics, a straight line can be thought of as a trajectory with zero acceleration. A geodesic intuitively
coincides with a “straight line” on the manifold M. For example, a great circle on sphere — the circular
intersection of sphere with a plane passing through the sphere’s center point. This section presents a
rigorous definition of a geodesic, which requires the notion of induced covariant derivatives. Using the
induced covariant derivative, we can defined the acceleration of a curve on a manifold, then a geodesic is
a curve with zero acceleration.

Suppose that ¢: I — M is a smooth curve on the manifold M, where I is an open interval. A map
Z: I —-TM (2.29)

is called a vector field along the curve c if, for any t in I, its image Z(t) lies in the tangent space T,(;) M
at ¢(t) € M. Furthermore, Z is called a smooth vector field along c if it is a smooth map. The collection
of all smooth vector fields along the curve c is denoted by X(c). There are two important types of smooth

vector fields along c as follows.
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(1) Forany U € X(M), the composition U o ¢ € X(c).
(2) Forevery t in I, the velocity of c at t is defined as

é(t) = ¢4(0), (2.30)

where ¢, is the shifted curve given as 7 — ¢;(7) := ¢(¢ + 7). The domain of ¢, (the open interval
containing 0) can shrink sufficiently such that it is well-defined. The right hand of (2.30) is a tangent
vector at the point ¢;(0) = ¢(t) (see Remark 3). The velocity vector field of c is defined as

t &) (2.31)

Then we have ¢ € X(c).
Let §(I) denote the set of all smooth real-valued functions defined on the interval /. Then g € §(I)
implies ¢’ € F(I). Note that the set X(c) forms a module over §(I) under pointwise vector addition and
pointwise multiplication, i.e., for any Y, Z € X(c) and f, g € §(I), we have fY + gZ € X(c). As we
did in (2.26), given any Y, Z € X(c), we define (Y, Z) € §(I) by

(Y, Z)(t) := (Y (), Z(t))oqp) for all ¢ € 1. (2.32)

Based on the above notations, we are ready to present the following theorem. See [34, Theorem 8.67]
or [126, Theorem 4.24] for proofs.

Theorem 4 (Induced Covariant Derivative). Let M be a manifold equipped with an (affine) connection

V. For each smooth curve c: I — M, there exists a unique operator,

D
T X(c) — X(o),

called the induced covariant derivative (induced by V), satisfying the following conditions. For all smooth
vector fields Y, Z € X(c), U € X(M), g € F(I), and a,b € R:

1. (R-linearity) %(CLY +bZ) = CL%Y + b%Z.

2. (Leibniz rule) 2(92) = g'Z + g2 Z.

3. (Chain rule) (%(U o)) (t)=VeuU, forallt e 1.

If moreover M is a Riemannian manifold and N is compatible with its metric (-,-) (e.g., if V is the
Riemannian connection), then the induced covariant derivative % also satisfies:

4. (Product rule) $(Y, Z) = (2Y,Z) + (Y, B Z) . (see (2.32))

By the above theorem, any connection V on M uniquely determines an induced covariant derivative
%. This induced covariant derivative can be defined without any Riemannian metric, as demonstrated by
its first three properties. Formally, the connection V assigns a unique operator % : X(c) = X(c) to each

smooth curve ¢ on M.

Definition 24 (Acceleration). Let c: I — M be a smooth curve. Utilizing the operator %, the acceleration

of curve c is defined as

where ¢ is the velocity vector field of c, see (2.31).
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Definition 25 (Geodesic). A smooth curve ¢: I — M is called a geodesic (with respect to V) if its

acceleration vanishes at every point; that is, ¢(¢) = 0 for all ¢ in /.

Example 11. When M = R", for any z,v € R", the curve y(t) = x + tv is a geodesic.

2.11 Exponential Map

This section introduces the exponential map. Exponential map is a kind of (theoretically perfect) retraction
R such that the curve it derives, i.e., t — y(t) := Ry (t§), is precisely the geodesic. However, the
exponential map is computationally expensive for many manifolds. Therefore, we often use exponential
map for theoretical analysis and other retractions in practical algorithms. Let us define the exponential
map starting with the maximal geodesic.

We say that a geodesic v: I — M is maximal if it cannot be extended to a geodesic on a larger
interval (its domain), namely, there is no another geodesic 7 : I — M such that the interval [ properly

containing / and 7|, = ~. The next important result comes from [126, Theorem 4.27, Corollary 4.28].

Theorem 5 (Existence and Uniqueness of Maximal Geodesic). Let M be a manifold with a connection
V. For each pair of (x,v) € T M, there exists a unique maximal geodesic v: I — M defined on some

open interval I containing 0 such that
v(0) =z and §(0) = v.

This unique maximal geodesic v is determined by the initial point = and initial velocity v € T, M,
and is therefore denoted by ~,. For simplicity, we do not specify the base point = (see Remark 5). Thus,
the assignment

V= Yo

defines a map from 7'M to the set of geodesics on M. In particular, when v = 0,, then 7, (t) = z for all
t € R. By [126, Lemma 5.18], for all v € TM, and A, t € R, we have vy, (t) = 7, (At) whenever either
side is defined. Now we are ready to define the exponential map.

Definition 26 (Exponential Map). Consider the subset of the tangent bundle:
O = {(z,v) € TM : v, is defined on an interval containing [0, 1]},
and we define the exponential map,
Exp: O - M, Exp(z,v) = Exp,(v) := 7,(1).

The restriction Exp,, is defined on O, := O N T, M.
Example 12. When M = R", Exp,(v) = z + v.

Example 13 (Exponential Map on Sphere). Recall Example 3. Let z € Sp” ! and ¢ € T,, Sp™ . The

n—1

exponential map on sphere Sp is given by

Expy (€) = cos((|é]]2)z + “fg”ﬁ")g
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Example 14 (Exponential Map on Stiefel Manifold [72, Corollary 2.2]). Recall Example 3. Let X €
St(n, k) and £ € T'x St(n, k). The exponential map on Stiefel manifold is given by

)]

where QR = (I, — X XT)¢ is the thin/reduced QR decomposition of (I, — X XT)¢ with Q € St(n, k)

and R € R¥** ‘and exp(Z) = Y32, 412" is matrix exponential of square matrix Z.

XT¢ —RT

Epr(ﬁ)—[X,Q]eXp< R O

The next proposition collects some important properties of exponential map. The first three properties
are given in [126, Proposition 5.19] and show that an exponential map is a retraction on its domain. Here,
to get a more general notion of retraction, we can relax its domain of definition to a subset of tangent
bundle 7'M (In Definition 15, we ask R to be defined on whole T'M). And the last two are given in [64,
Lemma 3.5].

Proposition 4 (Properties of Exponential Map). Let M be a Riemannian manifold, and let Exp be its
exponential map.
(1) Exp: O — M is a smooth map on its domain O, which is open subset in T'M.
(2) Forall x € M, Exp,, (0,) = z; and under the canonical identification Ty, (T, M) = T, M, we
have D Exp,, (0;) = Idp, a1 -
(3) Forall (z,v) € T M, the maximal geodesic vy, given in Theorem 5 satisfies 7, (t) = Exp, (tv) for
all t such that either side is defined.
(4) Forall (x,v) € O and any w € T, M, under the canonical identification T, (T, M) = T, M, we
have (D Exp,(v)[v], D Exp, (v)[w]) = (v, w).
(5) Forall (z,v) € O, and X € |0, 1], we have ||D Exp_,(Av)[v]|| = ||v]| .

Using exponential map only on a subset O looks restrictive. In the next section we will show that if
M is complete then O actually equals the whole T'M.

2.12 Metric Space

This section begins with an introduction to the Riemannian distance, which allows us to transform
Riemannian manifolds into metric spaces. For details on metric space, see [150, 188]. Importantly,
the topology induced by Riemannian distance is identical to the original topology. The concept of

completeness for metric space is also closely related to geodesics and exponential map.

2.12.1 Riemannian Distance

A curve segment on a manifold M is a continuous map c: [a,b] — M, and it is smooth if and only if
it can be extended to a smooth curve ¢ : I — M on some open interval I containing [a, b]. The term
“extend” means that ¢(t) = &(t) for t € [a,b]. In this case, we let ¢(a) and ¢(b) denote &(a) and &(b),
respectively. Hence, a smooth curve segment has a well-defined velocity ¢(t) € T M for all ¢ € [a, b].

Furthermore, we say that curve segment c is regular if it is smooth with non-vanishing velocity, i.e.,

¢(t) # 0forall t € [a,b]. Lastly, we describe a curve segment c: [a,b] — M as piecewise regular if it
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can be partitioned in a manner, specifically a = tg < t; < ... < ty_1 < tx = b, such that its restrictions
C‘[ti—l ¢, are regular fori = 1,2,... k. A curve segment c: [a,b] — M connects z to y if ¢(a) = = and

¢(b) = y. A manifold M is connected if each pair of points on M is connected by a curve segment.

Remark 11. Throughout this thesis, in cases where a manifold is not connected, our attention is directed

to each of its connected components.

Let M be a connected Riemannian manifold. Given a piecewise regular curve segment c: [a, b] — M,

we define the length of c as the integral of its speed (the norm of velocity is called speed):

b
L) = [ 166l

If ¢ is regular, the integrand above is continuous on [a, b] (review (2.21)) and thus integral is well defined
[160, Theorem 6.8, Page 125]. If there are “kinks” in the curve, we consider the integrals of separate
smooth curve segments and compute the final result by summing over these segments.

The notion of length of a curve leads to a natural distance on M, called the Riemannian distance:
d(z,y) := inf{L(c) | cis a piecewise regular curve segment on M connecting x to y} (2.33)

By [126, Proposition 2.50], if M is connected then any two points of M can be joined by a piecewise
regular curve segment, and thus (2.33) is well-defined for each z,y € M. It can be shown that d is a
legitimate distance function M x M — R satisfying non-negativity, symmetry, and the triangle inequality
(see proof of [126, Theorem 2.55]).

Example 15. When M = R", the Riemannian distance is the standard Euclidean distance d(z,y) =
Iz = yll2.

Equipped with such Riemannian distance, M becomes a metric space and then generate a natural
topology, called metric topology. Specifically, we define the open ball of radius > 0 centered at a point
xr € M as:

B.(x) ={y e M :d(z,y) <r}.

A subset U/ of M is defined to be open if for each point x € U, there exists some r > 0 such that
B, (x) C U. We hope to see this topological structure is the same as the original topological structure
(given as a priori in Definition 1), and indeed it is. The following important result comes from [126,
Theorem 2.55].

Theorem 6 (Riemannian Manifolds as Metric Spaces). Let M be a connected Riemannian manifold.
With the distance function given by (2.33), M is a metric space whose metric topology coincides with its

original topology (given as a priori in Definition 1).

2.12.2 Completeness

Recall that a sequence {z,, } in a metric space M is Cauchy if for every £ > 0 there exists an integer k
such that d(x,, x,) < € holds for all m,n > k. The theorem below is a fundamental classical result. For
a proof, refer to [64, Theorem 2.8, Page 146] or [126, Theorem 6.19].
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Theorem 7 (Hopf-Rinow Theorem). Let M be a connected Riemannian manifold. Then the following
four statements are equivalent:
(i) (Heine-Borel property) the closed and bounded subsets of M are compact;
(ii) M is (metrically) complete as a metric space equipped with a Riemannian distance, i.e., every
Cauchy sequence converges on the manifold.
(iii) M is geodesically complete, i.e., every geodesic on the manifold can be extended to a geodesic
defined on the whole R.
(iv) The domain of the exponential map O is the whole tangent bundle T' M. That is, for every x € M,
the exponential map Exp,, is defined on the entire tangent space T M.
In addition, any of the statements above implies that

(v) each pair of x,y € M can be joined by a (not necessarily unique) minimal geodesic segment

c: [0,1] = M, ie.,, ¢(0) = z,¢(1) = y and d(x,y) = L(c).

By Hopf-Rinow Theorem, we conclude that the bounded subset in a complete manifold M lies in a

compact subset of M.

Remark 12. Throughout the thesis, we assume that M is a connected, complete Riemannian manifold.
In case of (v) above, if a unique geodesic segment joining p to g exists, we denote it by 7,,. We will often

omit the subscript if it is clear.
As a result of the following conclusions, complete manifolds are quite common, e.g., Stiefel manifold.

Lemma 1 ([34, Example 10.10]). Compact Riemannian manifold is complete.

2.13 Parallel Transport

Tangent vectors at different points on a manifold M belong to different tangent spaces, and therefore
cannot be directly added together or compared. In differential geometry, there are a few ways to compare
vectors in different tangent spaces, and parallel transport is one of the most fundamental methods. Parallel
transport provides a way to move a tangent vector from one point to another along a curve in a way that
the vector remains “parallel” to itself. This section intrudes the parallel transport.

Consider a manifold M equipped with a connection V, thus with the induced covariant derivative %.
Let ¢: I — M be a smooth curve. Recall that X(c) denotes the set of all smooth vector fields along the
curve ¢, see (2.29). We say that a vector field Z € X(c) is parallel if %Z = (. The next important result
comes from [126, Theorem 4.32].

Proposition 5 (Existence and Uniqueness of Parallel Vector Field). For any smooth curve c¢: I —
M, to € I and § € Ty, M, there exists a unique parallel vector field Z € X(c) such that Z (o) = &.

Definition 27 (Parallel Transport). Given a smooth curve v on M, parallel transport of the tangent space
at y(to) to the tangent space at y(¢1) along ~,

PR Ty 1) M = Ty M

is defined by PX "0 (&) = Z(t1), where Z is the unique parallel vector field such that Z(tg) = .
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Note that the parallel transport from z to y depends on the curve v connecting x and y. The parallel
transport Pfyl_”o is linear; Pﬁf—”l o Pfyl—ﬁo = Pff‘”o; Pfy—” is the identity. In particular, the inverse of

t1—to to—t1
Py is P% .

Example 16. When M = R", the parallel transport of a vector v from a point x to another point y along
any curve is the identity map. This is because the tangent spaces of Euclidean spaces do not change. They

remain the same, see (2.9).

2.14 Vector Transports

In last section, we have introduce a tool called parallel transport in order to move a tangent vector from
one tangent space to another. However, parallel transport may be computationally expensive or even
intractable for certain types of manifolds. For example, on the Stiefel manifold, no explicit formula for
parallel transport is known, making it difficult to apply in practical algorithm. Now, in this section let
us move on to the concept of a vector transport T on a manifold M. It is a more general concept that
includes parallel transport as a special case.

Roughly speaking, a vector transport takes in a pair of tangent vectors in the same tangent space and

returns another tangent vector in the other tangent space. Define the Whitney sum of tangent bundles:
TMBTM :={(x,n,&):x e M,n, & €Ty M},

which can be endowed with a smooth structure. Now we define the vector transport as follows.

Definition 28 (Vector Transports). A smooth map
T:TMOTM — TM: (x,n,§) — Tp(§),

is called a vector transport on M if there exists a associated retraction R on M such that T satisfies the
following properties for all x € M:

1. (Associated retraction) Ty, (§) € Tr, () M forall n,§ € T M.

2. (Consistency) T, (&) = ¢ forall € € T, M.

3. (Linearity) T, (a§ + b¢) = aT,, (§) + 0T, (¢) forall a,b € Rand n,§,¢ € T, M.

The first and third conditions establish that fixing any x € M and n € T, M, the map
Tn: Tx/\/l — Tch(n)M’ f — Tn(f),

is a linear operator. According to the second condition, Ty, = Id7, o¢. It makes sense because if we try
to move a tangent vector to its original tangent space, we should do nothing. Additionally, T is isometric
if the following equation holds, for all x € M and all ¢, (,n € T, M:

<T77§,T77(> = <§7<>

In other words, the adjoint and the inverse coincide, i.e., T} =T L forany x € M and n € T, M.
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Remark 13. Isometry plays an irreplaceable role in the proofs about quasi-Newton RIPM in Chapter 7.
For the submanifolds M of a linear space £, which are mostly what we consider in practice, there are

many ways to construct an isometric vector transport, see [104, Section 2.3].
There are two important classes of vector transport as follows. Let R be a retraction on M.

Example 17 (Differentiated Retraction [5, Eqaution (8.6)]). The differentiated retraction,
Ty(§) == DRa(n)[¢], v € M,n,§ € TuM,

is a valid vector transport.

Example 18 (Parallel Transport [5, Eqaution (8.2)]). For any x € M,n € T, M,

T, (€) :=PL70(¢)

is a valid vector transport, where P, denotes the parallel transport along the curve t — ~(t) := R, (tn).
We often omit the superscript '~ if it is clear from the context. In particular, parallel transport is

isometric.

2.15 Totally Retractive Neighborhood

In this section, we discuss two neighborhoods: retractive neighborhood and totally retractive neighborhood.
These concepts were first proposed in [104] and formally stated in [220]. We begin by stating the classical

inverse function theorem on manifolds (see [127, Theorem 4.5]).

Theorem 8 (Inverse Function Theorem on Manifolds). Let F': M — N be a smooth map between two
manifolds. If v € M is a point such that DF (x) is invertible, then there exist neighborhoods U C M of
xandV C N of F(x) such that F|; : U — V is a diffeomorphism.

Consider the retraction R, : T, M — M, by property DR, (0,,) = Idz, o1 and the inverse function

theorem above, there exists a neighborhood V of 0, in the tangent space 7, M such that the restriction
Rely, : VCTuM = Re(V) C M

is a diffeomorphism; thus, R !(y) is well defined for all y € M sufficiently close to x. In this case, we
call R, (V) a retractive neighborhood of x. The well-known concept of the normal neighborhood of x
(see [64, Page 70]) is defined similarly, but with consideration solely for R = Exp.

The following existence theorem gives the definition of a totally retractive neighborhood [220,
Theorem 2]. Its proof can be arrived at along the lines of [64, Theorem 3.7, Page 72], which is the same

statement as Theorem 9 but restricted to R = Exp.

Theorem 9 (Existence of Totally Retractive Neighborhood). Let R be a retraction on M. For any & € M
there exist a neighborhood W of & and a constant § > 0 such that for every x € W, the restriction

R$|B5(OI) : Bs (Ox) CTyM — Rx(B(s (Ox)) cM
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R.(Bs(04)) Ry (Bs(0y))
M

Fig. 2.4 An illustration of totally retractive neighborhood & € M. See Theorem 9 and Remark 14.

is a diffeomorphism and VW C R, (Bs (0)). Here Bs (0;) is the open ball in T, M centered at 0,, with
radius 0. In this case, we call WV a totally retractive neighborhood of . See Fig. 2.4.

Remark 14. The existence of a totally retractive neighborhood shows that there is a neighborhood W of
7 such that R, (y) is well defined for any x,y € W. See Fig. 2.4. In what follows, we will suppose that
an appropriate neighborhood has been chosen by default for the well-definedness of R, (y).

2.16 Lipschitz Continuity with Respect to a Vector Transport

Several Riemannian versions of Lipschitz continuity have been defined, e.g., [34, Section 10.4]. They can
all be viewed as Riemannian extension of the usual definition, i.e., they can all reduce to the usual definition
of Lipschitz continuity when M is R™. However, there are many differences in their formulations. Here,
we consider the Lipschitz continuity with respect to a vector transport and its associated retraction. In
what follows, let M be a Riemannian manifold endowed with a vector transport T and an associated

retraction R.

2.16.1 Lipschitz Continuity of Gradients and Vector Fields

First, let us consider the Lipschitz-continuous gradient of a scale field f.

Definition 29 ([102, Definition 5.2.1]). A function f: M — R is Lipschitz continuously differentiable
with respect to T in U C M if it is differentiable and there exists a number « > 0 such that, for all
x,y €U,

lgrad f(y) — Ty grad f(z)[| < &[],

where 1 = R 1y.

Lemma 2 ([102, Lemma 5.2.1]). If a function f: M — R is C2, then, for any T € M and for any vector
transport T, there exists a neighborhood U of T such that f is Lipschitz continuously differentiable with
respect to T in U.
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We get the following similar results when the gradient vector field is replaced by a general vector field.

The proof of Lemma 3 is similar to that of [102, Lemma 5.2.1].

Definition 30. A vector field F' on M is Lipschitz continuous with respect to T inUd C M if there exists
anumber s > 0 such that, for all z,y € U,

1E(y) = Ty F ()] < &nll;

where n = R 1.

Lemma 3. If F is a C! vector field, then, for any T € M and any vector transport T, there exists a

neighborhood U of & such that F' is Lipschitz continuous with respect to T in U.

2.16.2 Lipschitz Continuity of Hessians and Covariant Derivatives

Going one degree higher, let us now discuss the definition of Lipschitz-continuous Hessian of a scale
field f. Recall that the Hessian of f associates to each x a linear operator Hess f(x) from and to 7, M.
Moreover, the inverse of T, is needed in the following definitions, so we can assume that vector transport

T is isometric, e.g., parallel transport in Example 18 and Remark 13.

Definition 31 ([104, Assumption 3]). A function f: M — R is twice Lipschitz continuously differentiable
with respect to T inUd C M if it is twice differentiable and there exists a number x > 0 such that, for all
x,y €U,

HHess f(y) — T, Hess f(a:)T;lH < kd(z,y),

where n = R ly.

Lemma 4 ([104, Lemma 4]). If f: M — R is C3, then for any T € M and any isometric vector
transport T, there exists a neighborhood U of T, such that f is twice Lipschitz continuously differentiable
with respect to T in U.

If the operator, Hess f(x), above is replaced by a general covariant derivative V F'(z), we can get the

next results in a similar way. Lemma 5 can be proven in a similar way as [104, Lemma 4].

Definition 32. Given a vector field F' on M. The map = — V F(z) is Lipschitz continuous with respect
to T inU C M if there exists a number x > 0 such that, for all x,y € U,

|VF(y) — TnVF(:U)Tng < kd(z,y),

where n = R 1y.

Lemma 5. If F is a C? vector field on M, then for any T € M and any isometric vector transport T,
there exists a neighborhood U of T such that the map x — ¥V F(x) is Lipschitz continuous with respect to
Tinl.
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2.17 Local Errors of Retractions and Vector Transports

Notice that in the previous section on the definitions of Lipschitz continuity, we used ||5|| with n = R 'y
or d(z,y) to denote the upper bound on the right-hand side. The next lemma shows that the two are not
essentially different. When M = R", both reduce to ||z — y/|.

Lemma 6 (Local Errors of Retractions). Let M be a Riemannian manifold endowed with a retraction R
and let T € M. Then,
(i) forany e > 0 there is an 6. > 0 such that for all x in a sufficiently small neighborhood of T and all
§,n € TeMwith |[€]], [[n]] < 6,

(1 =o)llg = nll < d(Ra(n),Ra(§)) < (1 +€)[I€ —nl;

(ii) there exist ap, a1 > 0, and 4,4, > 0 such that for all x in a sufficiently small neighborhood of &
and all & n € Ty Mowith |[€][, [0 < dag,a1,

aoll§ = 7l < d(Re(n), R (£)) < ar|§ —nl;

(iii) there exist ag, a1 > 0, and 64,4, > 0 such that for all x in a sufficiently small neighborhood of &
and all § € TyM with ||£]] < dag,a:,

ao|¢]l < d(z, Re(€)) < aal€]f;

(iv) there exist ag,a; > 0 such that for all x in a sufficiently small neighborhood of T,

aoll¢ll < d(z, z) < ari&],
where ¢ = R ().

Proof. (i) and (ii) come directly from [157, Lemma 6] and [104, Lemma 2]. Note that if we select any
e >0andletag :=1—¢,a; := 1+ ¢, then (i) implies (ii). (iii) follows from (ii) when we take n = 0.
Next, we show (iv). Taking x = Z in (iii), we have ao||{|| < d(Z,Rz(§)) < a1]|¢]| for all £ € Tz M
with ||£]| < 40,4, Since Rz is a local diffeomorphism at 0z € T3 M, for all z in a sufficiently small
neighborhood of 7, £ = R3* (z) is well defined and ||¢|| < 6,,.4,. Therefore, by substituting Rz (¢) = ,
we have agll¢]| < d(z,7) < a1 [¢]|. 0

Lemma 7 ([81, Lemma 14.5]). Let F be a C' vector field on a Riemannian manifold M and let
x* € M be a nonsingular zero of F, i.e., F(z*) = 0 and VF(z*) be nonsingular. Then, there exists a
neighborhood U of x* with constants as, as > 0 such that, for all x € U,

agd(z,x*) < ||F(2)|| < asd(z, z*).

The following corollary combines Lemma 7 with (iv) of Lemma 6.
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Corollary 1. Let F be a C'! vector field on a Riemannian manifold M and let * € M be a nonsingular

zero of F. Then, there exists a neighborhood U/ of x* with constants a4, as > 0 such that, for all z € U,

ag|lé]l < 1 F (@) < as]€]],
where £ = R (z).

The next lemma compares any two vector transports. In particular, we often compare a certain vector

transport with the parallel transport.

Lemma 8 ([104, Lemma 6]). Let M be a Riemannian manifold endowed with two vector transports T
and To, and let T € M. Then, there exist a constant ag and a neighborhood U of x such that, for all
x,y €U andall § € TyM,

1Tt — T el < aslielnll

where 1 = R;1(y).

2.18 Fundamental Theorem of Calculus in Riemannian Case

Let F': R® — R™ be C'! in an open convex set D C R" containing . We know that the fundamental
theorem of calculus, e.g., [59, Lemma 4.1.9], is stated as: for any z + n =: y € D, we have

1
F(y) — F(x) = / Jr(x +tn)ndt, (2.34)
0
where Jp(z) € R™ " denotes the Jacobian matrix of F' at z € R™. In this section, we consider the

fundamental theorem of calculus in the Riemannian case.

Lemma 9 ([104, Lemma 8]). Let F be a C' vector field on M endowed with a retraction R and let
x € M. Then, there exist a neighborhood U of T and a constant ¢c; > 0 such that, for all x,y € U,

where n = Ry (y) and P is a parallel transport along the curve t — (t) := Ry (tn).

1
P27 F(y) — F(z) — / P%”VF(v(t))PTOndtH < el (2.35)
0

Note that if M = R", then (2.35) holds with ¢; = 0 and reduces to (2.34), because for M = R",
parallel transport P is identity map; y(¢) = = + ¢, and linear operator V F'(z) identifies matrix J z(z). In
fact, ¢c; = 0 also holds for general M if we choose parallel transport along the geodesic v(t) = Exp, (7).

This result is also shown in next lemma.

Lemma 10 ([77, Equation (2.4)]). Let F be a C' vector field on M and & € M. Then, there exists a
neighborhood U of  such that, for all x,y € U,

1
PY7F(y) — F(x) = /0 POV F (y(t) P4 Ondt,

where n = Exp, ! (y) and P, is a parallel transport along the geodesic t — ~(t) := Exp,, (tn).
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2.19 Some Lemmas on Newton method

In the Euclidean setting, there are two important estimations (inequalities) for convergence analysis of the
Newton and quasi-Newton methods for solving nonlinear equations (see [59, Lemma 4.1.12 & 4.1.15]).
Here, let F: R* — R" be C'! in an open convex set D C R” containing z, and let Jacobian map

x +— Jp(z) be Lipschitz continuous on D with constant «y. Then, for any = + p =: y € D, we have
|F(y) = ) = Ix(@)pll < LIl (2:36)
Moreover, for any v, u € D, we have
|F(v) = F(w) = Tp(@)(v — )| < ymax{|Jvo -], |u - 2|} [lo - ul. (2.37)

In this section, we consider these estimations in the Riemannian case.
The next lemma corresponds the first estimation (2.36) in the Riemannian case. This result is used for

convergence analysis of the Riemannian Newton method.

Lemma 11. Let F be a C? vector field and T € M. Then, there exist a neighborhood U of T and a
constant co > 0 such that, for all x € U,

|PY7 F(x) — F(z) — VF ()| < cad®(, ),
where 1 = Rz 'z and P, is a parallel transport along the curve t — (t) := Rz(tn).
Proof. 1t follows from
0—1 - -
|PY7 F(z) — F(z) — VF(Z)n||

S ‘

1 1
P F(z) — F(z) - /O PE’ﬁtVF(fy(t))Pg*OndtH+H /0 Pg_)tVF(fy(t))Pffondt—VF(a:)nH

1
<ci|ln|* + H / [POIV P (4(1))PL0 — V()] ndtH. (by Lemma 9)
0
Let 6 be the last term of above, i.e., 0 := H I [PY7IVF((t)PL70 — VF(z)) ndt”. Note that

1
0< [P TFGEP - TP@)| ] at
1
< / cod(Z,Rz(tn)) ||n|| dt (by Lemma 5 and Lipschitz continuity at z)
0
1 1 5
§/ coart||nl ||n|| dt = 500@1“77“ . (by (iv) of Lemma 6)
0
Again, by (iv) of Lemma 6, we have
01 - - 1 2 1 2 2/
HP,Y F(z) — F(z) = VF(Z)n|| < (c1 + 500‘11)”77“ < (1 + icoal)/aod (z,z).

Letting c2 := (c1 + %coal) / a% completes the proof. O
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The next lemma corresponds the second estimation (2.37) in the Riemannian case. This result is used
in the convergence analysis of the Riemannian quasi-Newton method, where the transport of tangent
vectors in different tangent spaces is required, so we use general vector transport T instead of parallel

transport P to formulate the lemma. This point is different from Lemma 11.

Lemma 12. Let F be a C? vector field and T € M. Then, there exist a neighborhood U of T and a
constant cg > 0 such that, for all x,y € U:

(i) if€ =R;' (y), ¢ =R5" (x), then
|t P () = F (@) = TV F () T ¢ < el max{d(e, ), d(y, 2)):
(ii) ifn =Ry (%), ' = Rz (x), then
HT;lp(i«) ~ F(z) - TU/VF(i)T;,lnH < esl|nlld(z, ©).

Proof. (i) can be proven in the same way as [104, Lemma 12], where F’ is specified as the Riemannian

gradient and V F’ as the Riemannian Hessian. (ii) is a special case of (i): sety = 7, =n,and( =n'. O

Finally, we end this section with the following well-known lemmas for Newton methods for solving

nonlinear equations. They are natural extensions on Riemannian setting.

Lemma 13 (Banach’s Lemma [149, Lemma 2.3.2], [117, Theorem 4, Page 155]). Let A, B be linear
operators on some tangent space T, M (indeed, any finite-dimensional vector space). If A is nonsingular
and || A7Y|||B — Al| < 1, then B is nonsingular and

A
A8 = A

Bl <
I ”—1—

Here, norms above are operator norms (2.1).

Lemma 14 ([74, Lemma 3.2]). Given a vector field F' on M. If the map p — V F(p) is continuous at p*
and NV F (p*) is nonsingular, then there exist a neighborhood U of p* and a constant = > 0 such that, for
all p € U,V F(p) is nonsingular and HVF(p)*lH <=

2.20 Geometry Tools of Product Manifold \/

The (Cartesian) product of two (or, more than two) manifolds, M; x Mo, itself forms a manifold
(see [34, Proposition 3.20, Exercise 8.31]). If one is familiar with the geometry tools on M; and Mo
individually, then manipulating their product manifold becomes straightforward. Boumal [34] collected
the all geometry tools about product manifolds: see [34, Table 7.2] for a summary. In this section, we will
consider a special product manifold N consisting by a general manifold M and three Euclidean spaces.
N is a very important product manifold for analyzing the Riemannian interior point method in Chapter 5,
Chapter 6 and Chapter 7.

Let M be a Riemannian manifold with metric (-, -) and / and m be positive integers. Let Euclidean

spaces R! and R™ equipped with the canonical geometry tools, see Example 2, 8, 10, 11, 15, 5, 12, 16.
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Considering the product manifold defined by
N =M xR x R™ x R™, (2.38)

and taking a point denoted by w := (x,y, z, s) € N, its associated tangent space is the product of tangent

spaces (see [34, Proposition 3.20]):
TuN 2 TpoM x R x R™ x R™. (2.39)

In above, we used the canonical identification of Euclidean spaces in (2.9). The tangent bundle of N\ is
TN =TM x TR! x TR™ x TR™ (see [34, Equation (3.31)]).
Forany w € N and § = (&, &y,&2, &), ¢ = (Cas Gy, €20 Gs) € TN, then product metric

(€ O = {€arCade + &y Gy T €2 G+ 65 G, (2.40)
defines a Riemannian metric on AV (see [34, Example 3.57]). Then, the induced norm ||£||,, := 1/ (&, {)w
on T,V satisfies

l€le = ez + Nléullz + l1€:112 + l1& 113, (241)
where || - ||2 denotes the [5 norm. With metric (2.40), the Riemannian distance on N is given as, for any
w1, Wy € N,

d(wy, ws) = \/d2(9617 w9) + [l — vall3 + Iz — 2215 + [ls1 — sall3, (2.42)

where d in right side denotes Riemannian distance on M (see [34, Exercise 10.14]). We conflate the
notations of distance d for A and M since they are clear from context.
Forany w € N and § = (&, &y, &2, &s) € Tw N, the map

Ry (§) = (Rx(gac),yﬁLfyszrgz,SﬁLSS) (2.43)

defines a retraction on A\ (see [34, Exercise 3.50]). Moreover, R is the exponential map on A if R is the

exponential map on M (see [34, Exercise 10.32]). For any w € N and &, ¢ € T, /, the map

TC& = T(Cm,Cy,Cz,Cs) (gmv é.y’ gza gs) = (Tcz (fz)a Eya gza gs) (244)

is a vector transport on A/ with an associated retraction R in (2.43) if T is a vector transport on M with

an associated R in the right hand of (2.43) ; equivalently, fixing { € T,,V, it is the linear operator
T¢: TuN — TRU,(C)N’ T¢ == (T¢,,1d,1d, I1d). (2.45)
Here, Id means identity map on R’ or R™. If it exists, its inverse
T ' = (T, 1d,1d, Id). (2.46)

Note that T is isometric if T is isometric.



Section 2.21 Note and References 53

The next lemma establishes a way of defining a connection on product manifolds. It can easily be

extended to the product manifold consisting more than two manifolds.

Lemma 15 (Product Connection [34, Exercise 5.4 & 5.13]). Let My and Mo be two Riemannian
manifolds, respectively equipped with Riemannian connections V' and V2. Consider the product manifold
M = M; x Ma. Let (uy,uz) be tangent to M at (x1, x2). Then, the map V : TM x X(M) — TM
defined by

V(s up) (F1, F2) = (VilFl(wﬂ?z) +DFy (21, ) (22)[ug], Vi, Fa(1, ) + DFz('aﬂfz)(ﬂfl)[m])

is a Riemannian connection on M; we call it the product connection. The notation F (-, x2) represents
the map obtained from Fy : My x My — T M, by fixing the second input to xs. In particular, F (-, x2)
is a vector field on My, while Fy(x1,-) is a map from My to T, M. The map F; is understood in the

same way.

Consider R! and R™ equipped with the canonical Euclidean connection (Example 10); then, in the
way of Lemma 15 the connection of M essentially determines the connection of A/, which is Riemannian
provided that connection of M is Riemannian. In this thesis, we conflate the notations of Riemannian

connection V for N and M since they are clear from context.

2.21 Note and References

This chapter presents the basic tools of Riemannian geometry, as well as useful results for subsequent
chapters. For a more complete understanding of Riemannian geometry, see [127, 126]; for Riemannian
optimization, see [5, 34, 165].

We end this chapter with some discussion about quotient manifolds. Riemannian manifolds are
extensions of Euclidean space, and Euclidean space is a special case of Riemannian manifolds. In fact, not
all manifolds are subsets of Euclidean spaces. For example, let us consider the Grassmannian manifold,
denoted as Gr(n, p), which is the set of all p-dimensional linear subspaces in R™. Note that the element
of Gr(n,p) is not a point in R™. Actually, we can define Grassmannian manifold form some quotient
structure; thus, such manifolds are called quotient manifolds. They can also become the Riemannian
manifolds with some Riemannian metric. Hence, theoretically, manifolds can be very abstract.

A famous example of an optimization problem over Gr(n, p) is principal component analysis (PCA).
Given k points y1, . ..,yr € R™, the goal of PCA is to find a linear subspace L € Gr(n, p) which fits
the data y1, ..., yy as well as possible, in the sense that it solves mingecgy(n,p) Zle (L, yi)2 , where
dist(L, y) is the Euclidean distance between y and the point in L closest to y. This particular objective
function admits an explicit solution involving the SVD of the data matrix M = [y, ..., yr]. However,
this is not the case for other objective functions. For these, we may need more general optimization
algorithms to address:

i L
pomin J(L)

where objective function f: Gr(n,p) — R. Clearly, Euclidean optimization cannot solve these problems

unless we convert the problem into some equivalent Euclidean problem.
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Chapter 3

Riemannian Smoothing Method (RSM)

Part Section

3.1 Review of Smoothing Methods

3.2 Euclidean Generalized Subdifferentials
Part 1. Preparation work 3.3 Riemannian Generalized Subdifferentials

3.4 Smoothing Functions

3.5 Riemannian Gradient Sub-Consistency

Part 2. Core proposal 3.6 Riemannian Smoothing Method

3.7 Numerical Experiments

Part 3. Experiments and notes 3.8 Note and References

Now let us consider the Nonsmooth Riemannian Optimization (NRO):

min f(z), (NRO)

where M C R™and f: R — R is a lower semi-continuous function on R™. Indeed, f may be nonsmooth
or even non-Lipschitzian. For convenience, the term Smooth Riemannian Optimization (SRO) refers to

(NRO) when f(-) is continuously differentiable on R™. To avoid confusion, we use g instead of f,

;1615\1/1[ g(x). (SRO)

Throughout this subsection, we will refer to many of the concepts in [214].

3.1 Review of Smoothing Methods

Smoothing methods [52], which use a parameterized smoothing function to approximate the objective
function, are effective on a class of nonsmooth optimizations in Euclidean space. Recently, Zhang, Chen
and Ma [214] extended a smoothing steepest descent method to the case of Riemannian submanifolds in
R™. This is not the first time that smoothing methods have been studied on manifolds. Liu and Boumal
[128] extended the augmented Lagrangian method and exact penalty method to the Riemannian case.

The latter leads to a nonsmooth Riemannian optimization problem to which they applied smoothing



58 Chapter 3. Riemannian Smoothing Method (RSM)

techniques. Cambier and Absil [43] dealt with the problem of robust low-rank matrix completion by
solving a Riemannian optimization problem, wherein they applied a smoothing conjugate gradient method.
In this section, we propose a general Riemannian smoothing method and apply it to the CP factorization

problem.

3.2 Euclidean Generalized Subdifferentials

First, let us review the usual concepts and properties related to generalized subdifferentials on R”. The
function is termed lower semi-continuous (l.s.c.) if, intuitively, it does not “jump upwards” at any point.

We say that f: R™ — R is lower semi-continuous (l.s.c.) at z € R™ if for every € > 0, there exists
0 > 0 such that for all y € Bs(z),

f(x) —e < f(y)- 3.1)

A function is lower semi-continuous if it is lower semi-continuous at every point in R™. Similarly, we say
that f is upper semi-continuous (u.s.c.) at x if (3.1) is replaced by f(y) < f(x) + €. It is clear that f is

continuous at z if and only if f is lower semi-continuous and upper semi-continuous at this point.

Definition 33 (Subdifferential). For a lower semi-continuous function f: R” — R.
* The regular (or Fréchet) subdifferential of f at z € R™ are defined as

Of (z) := {egrad h(z) : 36 > 0 such that h € C*(Bs(z)) and 32)
f — h attains a local minimum at « on R"}. '

* The limiting subdifferential of f at z € R™ are defined as

Of(z) := { lim v* : v* € Of(a"), (2", f(a")) = (=, f(2))}.

l—00

The above definition (3.2) of regular (or Fréchet) subdifferential ) f(x) is not the standard one; the
standard definition follows [158, 8.3 Definition]. But these two definitions are equivalent by [158, 8.5
Proposition]. For locally Lipschitz functions, the Clarke subdifferential at x € R™, 9° f(x), is the convex
hull of the limiting subdifferential. Their relationship is as follows:

Of(x) C 0f(x) C O°f(x).

In particular, if f is convex, Jf(z) and 0° f(x) coincide with the classical subdifferential in convex

analysis [158, 8.12 Proposition].

Example 19. From a result on the pointwise max-function in convex analysis, we have
Omax(x) = conv{e; : i € A(x)},

where “conv” denotes the convex hull, e;’s are the standard bases of R” and A(z) := {7 : x; = max(x)}.

Note that max: R™ — R is a convex function. For proofs, see [10, Theorem 3.23].
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3.3 Riemannian Generalized Subdifferentials

Next, we extend our discussion to include generalized subdifferentials of a nonsmooth function on
submanifolds M.

Definition 34 (Riemannian Subdifferential). Let M be an embedded submanifold of R, x € M, and let
f:R™ — R be a lower semi-continuous function.

* The Riemannian regular (or Fréchet) subdifferential of f at x € M are defined as

Orf(x) := {grad h(z) : 38 > 0 such that h € C*(Bs(z)) and

f — h attains a local minimum at x on M},

» The Riemannian limiting subdifferential of f at x € M are defined as
Orf(x) = { Jim v : 0" € Dpf (o), (2", f(a")) = (2, F(@))}.

If M = R", the above definitions coincide with the usual regular (or Fréchet) and limiting subdiffer-

entials in R".

Proposition 6 ([214, Proposition 1]). Let M be an embedded submanifold of R",x € M, and f: R" —
R be a lower semicontinuous function. Suppose R : TM — M is a retraction defined in Definition 16.
Then

1. Opf(x) =9 (f o Ry) (0,) and I f(x) = O (f o Ry) (05);
2. ve€E 3Rf(:1c) if and only if v € T, M and the following holds:

foRe(nz) > foRae (0p) + (v,me) +o([[nell), V0o € Te M

Definition 35 (Riemannian Limiting Stationary Point). we call a point x € M a Riemannian limiting
stationary point of (NRO) if
0 € 0rf(z). (3.3)

It follows directly that, for all 2z € M, one has dg f () C dx f (). According to Proposition 6, if 2 is
a local minimizer of f on M, then 0 € dg f (x). In this thesis, we will treat condition (3.3) as a necessary

condition for a local solution of (NRO) to exist.

3.4 Smoothing Functions

The smoothing function is the most important tool of the smoothing method.

Definition 36 (Smoothing Function). A function f (-,+) : R™ x R4+ — R is called a smoothing function
of f: R" — R, if f(-, () is continuously differentiable in R™ for any p > 0,

lim f(z,p) = f(2)

z—x,ul0
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and there exist a constant x > 0 and a function w : R4 — R such that

Fla) = F@)] < ro)  with  Time(u) = 0, (3.4)

Example 20 ([53, Lemma 4.4]). The log-sum-exp function, lse(z, 1) : R" x Ry — R, given by

Ise(z, p) := plog (Z exp(mﬂu)) ;

=1

is the smoothing function of max(x) because we can see that:
(i) 1se(-, p) is smooth on R™ for any p > 0. Its gradient egrad,, lse(z, u1) is given by o (-, ) : R" —
Anfl Cc R"
1

egradm lse(x, M) = (T(.%’, :u) = Z?—l eXp<$g/M) [ eXP(xl/N)a e 7eXp($n/M) ]T7

where A" = {z e R" : Y | x; = 1,2; > 0} is the unit simplex.
(ii) Forall z € R™ and p1 > 0, we have max(z) < Ise(x, u) < max(x) + plog(n). Then, the constant
k = log(n) and w(u) = p. The above inequalities imply that lim,_,, |0 Ise(z, ) = max(z).

Table 3.1 List of smoothing functions of the absolute value function f(x) = |z| with parameters x and
w(p) in Definition 36.

Function K w(pw)
~ x if |z| > &

Fute, ) = Lif|+€i o Lo
fo(a, 1) = \/p2 + 22 1 7
fi(w, 1) = 2ulog(1 + exp(£)) — = 210g(2)  p
fo(x, ) = 2 tanh (%) , where tanh(z) is the hyperbolic tangent function. 1 1
fs(2, 1) = xerf (%), where erf(z) := % J exp(—t*)dt is the Gauss error function. % m

3.5 Riemannian Gradient Sub-Consistency

Gradient sub-consistency or consistency is crucial to showing that any limit point of the Riemannian

smoothing method is also a limiting stationary point of (NRO).

Definition 37 (Gradient Sub-consistency on R™). A smoothing function f of f is said to satisfy gradient
sub-consistency on R” if, for any x € R",

G(x) C 0f(x), (3.5)
where the subdifferential of f associated with f at z € R" is given by

Gj(z) == {u € R" : egrad, f (2, pu) — u for some zj, — x, i, 4 0}.
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Definition 38 (Gradient Sub-consistency on M). Similarly, f is said to satisfy Riemannian gradient

sub-consistency on M if, for any z € M,

Gir(@) C O f(2), (3.6)
where the Riemannian subdifferential of f associated with f at z € M is given by

GﬁR(x) ={veR": grad f (zg, i) — v for some z, € M, 2, — @, jugs | 0}.

_9

Moreover, if one substitutes the inclusion with equality “="in (3.5), then f satisfies gradient consis-
tency on R™, and similarly in (3.6) for M. Thanks to the following useful proposition, we can induce

gradient sub-consistency on M from that on R” if f is locally Lipschitz.

Proposition 7 ([214, Theorem 2]). Given an embedded submanifold M of R™ and a vector x € M, let
f be a locally Lipschitz function near x on R", with f being a smoothing function of f. If the gradient

subconsistency of f at x on R™ holds, then the Riemannian gradient subconsistency of f at x on M holds.

The next example illustrates Riemannian gradient sub-consistency on M for Ise(z, 1) in Example 20,

since any convex function is locally Lipschitz continuous.

Example 21 ([53, Lemma 4.4]). The smoothing function Ise(z, 1) of max(z) satisfies gradient consis-
tency on R™. That is, for any x € R",

Omax(z) = Gie(x) ={ lim o(zF, u)}.

Tk, L0

Note that the original assertion of [53, Lemma 4.4] is gradient consistency in the Clarke sense, i.e.,
0° max(z) = Gise().

3.6 Riemannian Smoothing Method

Motivated by the previous papers [43, 128, 214] on smoothing methods and Riemannian manifolds, we
propose a general Riemannian smoothing method. Algorithm 3 is the basic framework of this general
method.

3.6.1 Basic Riemannian Smoothing Method I

Now let us describe the convergence properties of the basic method. First, let us assume that the function

f(z, i) has a minimizer on M for each value of y.

Theorem 10. Suppose that each ¥ is an exact global minimizer of (3.7) in Algorithm 3. Then every limit
point x* of the sequence {x"*} is a global minimizer of (NRO).

Proof. Let T be a global solution of (NRO), that is,

f(@) < f(z) forallz € M.
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Algorithm 3: Basic Riemannian Smoothing Method for (NRO)

Input: Nonsmooth objective function f and one of its smoothing function f , a (smooth)
Riemannian algorithm (called “sub-algorithm” here) for (SRO) and an initial point
e M.

Output: Sequence {z¥} C M.

Setk — 0,6 € (0,1) and 9 > 0;

while stopping criterion not satisfied do

1. Solve
k F
= 3.7
g := arg min f(z, u) (3.7
approximately by using the chosen sub-algorithm, starting at 2*~1;
2. pgg1 — Ops
3. k—k+1;
end

From the Definition 36 of the smoothing function, there exist a constant x > 0 and a functionw : Ry —
R such that, for all z € M,

—rw(p) < fla,pn) = f(z) < rw(p) (3.8)

with lim,, o w(p) = 0. Substituting z* and combining with the global solution Z, we have that

Fa®, ) > f(@") = wwlur) > f(Z) = rw(u).
By rearranging this expression, we obtain

—kw(pe) < f@*, ) — f(2). (3.9)

k

Since ¥ minimizes f(x, uz) on M for each yuy,, we have that f(z*, ug) < f(Z, i), which leads to

Fa*, ) = £(2) < (@) — F(2) < rwg), (3.10)

The second inequality above follows from (3.8). Combining (3.9) and (3.10), we obtain

1f (@, ) — £(2)] < k(). (.11)

Now, suppose that z* is a limit point of {z*}, so that there is an infinite subsequence K such that
limyei ¥ = 2*. Note that z* € M because M is complete. By taking the limit as k — oo, k € K, on
both sides of (3.11), again by the definition of the smoothing function, we obtain

F@%) = @) = Tl fla*, ) — F(@)] < Jim () = 0,

Thus, it follows that f(z*) = f(Z). Since * € M is a point whose objective value is equal to that of the

global solution Z, we conclude that z*, too, is a global solution. O
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3.6.2 Basic Riemannian Smoothing Method II

This strong result requires us to find a global minimizer of each subproblem, which, however, cannot
always be done. The next result concerns the convergence properties of the sequence f (¥, 1z under the

condition that f has the following additional property.

Definition 39 (Additional Property 1 (AP1): Approximate from Above).
0 < pg < p1 = flx, o) < f(x, py) forall 2 € R™. (AP1)

Example 22. The above property holds for lse(z, 1) in Example 20; i.e., we have lse(z, u2) < Ise(x, 1)
on R”, provided that 0 < pe < p1. Note that under the equality,

> exp(ay/p) = exp{lse(w, 1)/ u},

=1

the i-th component of o (z, 1) can be rewritten as

oi(w, p) = exp{(zi —Ise(x, u))/p}-

For any fixed x € R™, consider the derivative of a real function ;1 — Ise(x, ) : R4+ — R. Then we have

egrad,, Ise(z, ) = Ise /p — Z’;éf;) ?ﬁi(/ﬁ)/ﬂ) =(Ise — ; x; exp{(xz; —Ise)/u}) /1

=(Ise — Z xio;)/p <0,
i=1

where “Ise, 0" are shorthand for Ise(z, ) and o(z, ). For the last inequality above, we observe that
o € A" 1 hence, the term Z?zl x;0; is a convex combination of all entries of x, which implies that

Yo, wio; < max(z) < lse. This completes the proofs of our claims.

In [43], the authors considered a special case of Algorithm 3, wherein the smoothing function
f(x, 1) = /12 + 22 of |z| also satisfies (AP1) and a Riemannian conjugate gradient method is used for
(3.7).

Theorem 11. Suppose that f* := inf,cn f(2) exists and the smoothing function f has property (API).
Let f¥ := f(x% puy,). Then the sequence {f*} generated by Algorithm 3 is strictly decreasing and
bounded below by f*; hence,

lim [f* — f*~1 =o0.
k—o00
Proof. For each k > 1, xj, is obtained by approximately solving

min [, p),

starting at 2% ~1. Then at least, we have

f(xkilauk) > f(.’]j‘k,lu,k) = fk
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Since py = Opg_1 < pg_1, property (AP1) ensures

fk_l = f(xk_lnuk—l) > f(xk_la Mk)

The claim that sequence { f*} is strictly decreasing follows from these two inequalities.

Suppose that, for all ¢ > 0 and for all x € R",

f(a,n) = f(z). (3.12)

Then for each k,
= 7@ m) = f@*) > inf fx) = f*,

reEM
which proves our claims.
Now, we show (3.12) is true if the smoothing function has property (AP1). Fix any z € R"; (AP1)
implies that f(x,-) is strictly decreasing as y — 0. Actually, f(z,-) is monotonically increasing on

1 > 0. On the other hand, from the definition of the smoothing function, we have that

Efolf(w,u) = f(x).

Hence, we have inf,~q f(z, 1) = f(z), as claimed. O

3.6.3 Enhanced Riemannian Smoothing Method

Note that the above weak result does not ensure that { f*} — f*. Next, for better convergence (compared
with Theorem 11) and an effortless implementation (compared with Theorem 10), we propose an enhanced
Riemannian smoothing method: Algorithm 4. This is closer to the version in [214], where the authors use

the Riemannian steepest descent method for solving the smoothed problem (3.13).

Algorithm 4: Enhanced Riemannian Smoothing Method for (NRO)

Input: Nonsmooth objective function f and one of its smoothing function f , a (smooth)
Riemannian algorithm (called “sub-algorithm” here) for (SRO) and an initial point
=1 € M. A nonnegative sequence {6} — 0.

Output: Sequence {z}} C M.

Setk — 0,6 € (0,1)and o > 0

while stopping criterion not satisfied do

1. Solve

k .z
= 3.13
2" := arg min f(z, ) (3.13)

approximately by using the chosen sub-algorithm, starting at 21, such that
| grad f(*, )| < O; (3.14)

2. pgey1 — O
3. k—k+1;

end
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The following result is adapted from [214, Proposition 4.2, Theorem 4.3]. Readers are encouraged to

refer to [214] for a discussion on the stationary point associated with f on M.

Theorem 12. In Algorithm 4, suppose that the chosen sub-algorithm has the following general conver-
gence property for (SRO):
lim inf || grad g(z*)|| = 0. (3.15)
{—00

Moreover, suppose that, for all g, the function f (-, pi) satisfies the convergence assumptions of the
sub-algorithm needed for g above and f satisfies the Riemannian gradient sub-consistency on M (see
Definition 38). Then
1. For each k, there exists an x* satisfying (3.14); hence, Algorithm 4 is well-defined.
2. Every limit point x* of the sequence {xk} generated by Algorithm 4 is a Riemannian limiting
stationary point of (NRO) (see (3.3)).

Proof. Fix any py. By (3.15), we have lim inf,_, o, || grad f(mg, ur)|l = 0. Hence, there is a convergent
subsequence of || grad f(z, uu1.)|| whose limit is 0. This means that, for any ¢ > 0, there exists an integer
(. such that || grad f(z%, u)|| < e. If € = 0, we get 2¥ = z=. Thus, statement (1) holds.

Next, suppose that 2* is a limit point of {z*} generated by Algorithm 4, so that there is an infinite

k

subsequence /C such that limgcx ¥ = «*. From (1), we have

li d f(a" < lim dy = 0

lim || grad (2", )| < lim 6 =0,

and we find that grad f(z¥, ) — 0 for k € K, 2% € M, 2% — 2*, i, | 0. Hence,
0€Gprla”) CORf(z").

O]

Now let us consider the selection strategy of the nonnegative sequence {d } with d; — 0. In [214],

when ;41 = Qpy shrinks, the authors set

with an initial value of §p and constant p € (0, 1). In the spirit of the usual smoothing methods described

in [52], one can set
O := YLk (3.17)

with a constant v > 0. The latter is an adaptive rule, because i, determines subproblem (3.13) and its
stopping criterion at the same time. The merits and drawbacks of the two rules require more discussion,

but the latter seems to be more reasonable.

3.7 Numerical Experiments

As described at the end of Section 3.6, the algorithms in [214] and [43] are both special cases of our

algorithm. In this section, we compare them to show whether it performs better when we use other
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sub-algorithms or other smoothing functions. We applied Algorithm 4 to two problems: finding a sparse
vector (FSV) in a subspace and robust low-rank matrix completion, which are problems implemented
in [214] and [43], respectively. Since they both involve approximations to the ¢; norm, we applied the
smoothing functions listed in Table 3.1. We used the 6 solvers built into Manopt 7.0, namely,

* steepest descent;

* Barzilai-Borwein (i.e., gradient-descent with BB step size);

* Conjugate gradient;

* trust regions;

BFGS (a limited-memory version);

ARC (i.e., adaptive regularization by cubics).

3.7.1 Finding the Sparsest Vector (FSV)

The first experiment examines the problem of finding the sparsest vector in an n-dimensional linear
subspace of R™ in (FSV). Our synthetic problems of the ¢; minimization model (FSV) were generated in
the same way as in [214]: i.e., we chose m € {4n, 6n,8n,10n} for n = 5 and m € {6n, 8n,10n,12n}
for n = 10. We defined a sparse vector ¢, := [1,2,...,1,0,...,0]7 € R™, whose first n components
are 1 and the remaining components are 0. Let the subspace W be the span of ¢, and some n — 1
random vectors in R". By mgson.m [50], we generated an orthonormal basis of W to form a matrix
Q@ € R™ "™, With this construction, the minimum value of ||Qz||o should be equal to n. We chose the
initial points by using the M. rand () tool of Manopt 7.0 that returns a random point on the manifold M
and set x0 = abs (M.rand () ). The nonnegative initial point seemed to be better in the experiment.
Regarding the the settings of our Algorithm 4, we chose the same smoothing function fl (z, p) in Table
3.1 and the same gradient tolerance strategy (3.16) as in [214]: yug = 1,0 = 0.5,09 = 0.1, p = 0.5. We
compared the numerical performances when using different sub-algorithms. Note that with the choice of
the steepest-descent method, our Algorithm 4 is exactly the same as the one in [214].

For each (n, m), we generated 50 pairs of random instances and random initial points. We claim that
an algorithm successfully terminates if ||Qz|lo = n, where zy, is the k-th iteration. Here, when we count

the number of nonzeros of )z, we truncated the entries as

(Ql’k)l =0 if |(Q«Tk)z‘ <T,

where 7 > 0 is a tolerance related to the precision of the solution, taking values from 10~° to 10712
Tables 3.2 and 3.3 report the number of successful cases out of 50 cases. Boldface highlights the best
result for each row.

As shown in Table 3.2 and 3.3, surprisingly, the conjugate-gradient method, which performed best on
the CP factorization problem in Section 4.6, performed worst on the FSV problem. In fact, it was almost
useless. Moreover, although the steepest-descent method employed in [214] was not bad at obtaining
low-precision solutions with 7 € {107°,1076,10~7,10~8}, it had difficulty obtaining high-precision
solutions with 7 € {1072,1071%, 10~ 10712}, The remaining four sub-algorithms easily obtained high-
precision solutions, with the Barzilai-Borwein method performing the best in most occasions. Combined

with the results in Section 4.6, this shows that in practice, the choice of sub-algorithm in the Riemannian
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Table 3.2 Number of successes from 50 pairs of random instances and random initial points for the ¢;
minimization model (FSV) and n = 5.

Steepest- | Barzilai- | Conjugate- | Trust-

(n,m) T BFGS | ARC
descent | Borwein gradient | regions

(5,20) | 107° 21 19 0 22 23 23

10-6 21 19 0 22 23 23

1077 21 19 0 22 23 23

1078 16 19 0 22 23 23

(5,30) | 107° 36 42 0 34 36 35

1076 36 42 0 34 36 35

1077 36 42 0 34 36 35

10-8 34 42 0 34 36 35

(5,40) | 107° 44 47 1 44 47 45

10-6 44 47 0 44 47 45

1077 44 47 0 44 47 45

1078 43 47 0 44 47 45

(5,50) | 107° 47 47 2 45 45 45

1076 47 47 2 45 45 45

1077 47 47 0 45 45 45

10-8 46 47 0 45 45 45
Steepest- | Barzilai- | Conjugate- | Trust-

(n,m) T BFGS | ARC
descent | Borwein gradient | regions

(5,20) | 107° 0 19 0 22 23 23

10-10 0 19 0 22 23 23

101 0 19 0 22 23 19

10~12 0 18 0 22 22 17

(5,30) | 107° 8 42 0 34 36 35

1010 1 42 0 34 36 35

10~ 0 42 0 34 36 33

10~12 0 42 0 34 34 29

(5,40) | 107? 3 47 0 44 47 45

10-10 2 47 0 44 47 45

101 1 47 0 44 47 44

10~12 0 46 0 44 44 36

(5,50) | 107° 5 47 0 45 45 45

1010 2 47 0 45 45 45

10~ 0 47 0 45 45 45

10~12 0 47 0 45 45 37
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smoothing method (Algorithm 4) is highly problem-dependent. For the other smoothing functions in

Table 3.1, we obtained similar results as in Table 3.2 and 3.3.

3.7.2 Robust Low-Rank Matrix Completion

The second experiment examines the problem of robust low-rank matrix completion in (RMC). In all of
the experiments, the problems were generated in the same way as in [43]. In particular, after picking the
values of m, n, 7, we generated the ground truth U € R™*", V' € R™*" with independent and identically
distributed (i.i.d.) Gaussian entries of zero mean and unit variance and M := UVT. We then sampled
k := pr(m + n — r) observed entries uniformly at random, where p is the oversampling factor. In our
experiments, we set p = 5 throughout. We chose the initial points X by using the rank-r truncated SVD
decomposition of Py (M).

Regarding the setting of our Algorithm 4, we tested all combinations of the five smoothing functions
in Table 3.1 and six sub-algorithms mentioned before (30 cases in total). We set pg = 100 and chose
an aggressive value of § = 0.05 for reducing u, as in [43]. The stopping criterion of the loop of the
sub-algorithm was set to a maximum of 40 iterations or the gradient tolerance (3.17), whichever was
reached first. We monitored the iterations X, through the Root Mean Square Error (RMSE), which is
defined as the error on all the entries between X, and the original low-rank matrix Mo, i.e.,

7-71 T,L X i — M, id 2
RMSE (ijMo) = \/le ijl( kij D:J) .

mn

Perfect low-rank matrix completion As in [43], we first tested all the methods on a simple perfect
matrix M (without any outliers) of size 5000 x 5000 and rank 10. The results are shown in Fig. 3.1. We
can see that the choice of smoothing function does not have much effect on numerical performance. In
terms of the number of iterations ((a)—(e)), our Algorithm 4 inherits the convergence of its sub-algorithm
at least Q-superlinearly when trust regions or ARC are used. But the single iteration cost of trust regions
and ARC is high; they are not efficient in terms of time. Specifically, the conjugate-gradient method
employed in [43] stagnates at lower precision. Overall, Barzilai-Borwein performed best in terms of time

and accuracy.

Low-rank matrix completion with outliers Given a 500 x 500 matrix for which we observed the
entries uniformly at random with an oversampling p of 5, we perturbed 5% of the observed entries
by adding noise to them in order to create outliers. The added item was a random variable defined as
O = S41 - N(un,0%) where Sy is a random variable with equal probability of being equal to +1 or
—1, while N (i, 0%) is a Gaussian random variable of mean zy and variance o%;.

Fig. 3.2 reports the results of two 500 x 500 instances with outliers generated using yny = oy = 0.1
and uy = oy = 1. Again, we can see that the choice of smoothing function does not have much effect.
In most cases, BFGS and trust regions were better than the other methods in terms of number of iterations,
and BFGS was the fastest. Furthermore, the conjugate-gradient method employed in [43] still stagnated
at solutions with lower precision, approximately 1075, while steepest descent, BFGS, and trust regions

always obtained solutions with at least 10~8 precision.
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Table 3.3 Number of successes from 50 pairs of random instances and random initial points for the ¢;
minimization model (FSV) and n = 10.

Steepest- | Barzilai- | Conjugate- | Trust-

(n,m) T BFGS | ARC
descent | Borwein gradient regions
(10,60) | 107° 24 28 0 28 28 25
10-6 24 28 0 28 28 25
1077 24 28 0 28 28 25
1078 23 28 0 28 28 25
(10,80) | 107° 39 37 1 40 39 40
107¢ 39 37 0 40 39 40
1077 39 37 0 40 39 40
10-8 39 37 0 40 39 40
(10,100) | 1075 45 48 3 45 43 41
10-6 45 48 0 45 43 41
1077 45 48 0 45 43 41
1078 45 48 0 45 43 41
(10,120) | 1075 44 46 1 44 44 43
1076 44 46 0 44 44 43
1077 44 46 0 44 44 43
10-8 44 46 0 44 44 43
(n, m) i Steepest- | Barzilai- | Conjugate- | Trust- srGs | AR
descent | Borwein gradient regions
(10,60) | 107° 3 28 0 28 28 25
10-10 0 28 0 28 28 25
10~ 0 28 0 28 28 22
10~12 0 28 0 28 27 12
(10,80) | 107° 5 37 0 40 39 40
10-10 0 37 0 40 39 40
10~ 0 37 0 40 39 39
10-12 0 37 0 40 37 30
(10,100) | 1079 13 48 0 45 43 41
10-10 2 48 0 45 43 41
10~ 0 48 0 45 43 40
10~12 0 48 0 45 43 37
(10,120) | 1079 14 46 0 44 44 43
10-10 0 46 0 44 44 43
10~ 0 46 0 44 44 43
10~12 0 46 0 44 43 40
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Fig. 3.1 Perfect low-rank matrix completion of a rank-10 5000 x 5000 matrix without any outliers using

different smoothing functions in Table 3.1. (a)-(e) comprise the running iteration comparison; (f)—(j)
comprise the time comparison.

Next, we ran the same experiment on larger 5000 x 5000 matrices, with 5% outliers. Fig. 3.3
illustrates the results of these experiments, with uy = oy = 0.1 and uy = on = 1. In most cases, trust
regions still outperformed the other methods in terms of number of iterations, while BFGS performed

poorly. Barzilai-Borwein and the conjugate-gradient method were almost as good in terms of time.

3.8 Note and References

We conclude this chapter by discussing the connections with [43] and [214]. Our work is based on
an efficient unification of [43] and [214]. [43] focused on a specific algorithm and did not discuss the
underlying generalities, whereas we studied a general framework for Riemannian smoothing. Recall that
the “smoothing function” is the core tool of the smoothing method. In addition to what are required by its
definition (see Definition 36), it needs to have the following Additional Properties (AP) in order for the
algorithms to converge:

(AP1) Approximate from above, i.e., Definition 39. (Needed in Algorithm 1)

(AP2) Gradient sub-consistency, i.e., Definition 37. (Needed in Algorithm 2)
We find that not all smoothing functions satisfy (AP1) and for some functions it is hard to prove whether
(AP2) holds. For example, all the functions in Table 3.1 are smoothing functions of |x|, but only the first
three meet (AP1); the last two do not. In [52], the authors showed that the first one in Table 3.1, fl (z, 1),
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Fig. 3.2 Low-rank matrix completion with outliers for two rank-10 500 x 500 matrices by using different
smoothing functions in Table 3.1. (a)—(j) corresponds to one matrix with outliers created by using
un = oy = 0.1, while (k)—(t) corresponds to the other with outliers created by using uy = oy = 1.
(a)—(e) and (k)—(o) comprise the running iteration comparison; (f)—(j) and (p)—(t) comprise the time
comparison.
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Fig. 3.3 Low-rank matrix completion with outliers for two rank-10 5000 x 5000 matrices by using
different smoothing functions in Table 3.1. (a)—(j) corresponds to one matrix with outliers created by using
un = oy = 0.1, while (k)—(t) corresponds to the other with outliers created by using uy = oy = 1.
(a)—(e) and (k)—(o) comprise the running iteration comparison; (f)—(j) and (p)—(t) comprise the time

comparison.
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has property (AP2). The others remain to be verified, but doing so will not be a trivial exercise. To a
certain extent, Algorithm 3 as well as Theorem 11 guarantee a fundamental convergence result even if one
has difficulty in showing whether one’s smoothing function satisfies (AP2). Therefore, it makes sense to
consider Algorithms 3 and 4 together for the sake of the completeness of the general framework.

Algorithm 4 expands on the results of [214]. It allows us to use any standard method of (SRO), not
just steepest descent, to solve the smoothed subproblem (3.13). Various standard Riemannian algorithms
for (SRO), such as the Riemannian conjugate gradient method [168] (which often performs better than
Riemannian steepest descent), the Riemannian Newton method [5, Chapter 6], and the Riemannian trust
region method [5, Chapter 7], have extended the concepts and techniques used in Euclidean space to
Riemannian manifolds.

As shown by Theorem 12, no matter what kind of sub-algorithm is implemented for (3.13), it does not
affect the final convergence as long as the chosen sub-algorithm has property (3.15). On the other hand,
we advocate that the sub-algorithm should be viewed as a “Black Box™ and the user should not have to
care about the code details of the sub-algorithm at all. We can directly use an existing solver, e.g., Manopt
[37], which includes the standard Riemannian algorithms mentioned above. Hence, we can choose the

most suitable sub-algorithm for the application and quickly implement it with minimal effort.



74

Chapter 3. Riemannian Smoothing Method (RSM)




75

Chapter 4

Application of RSM: Completely Positive
Factorization Problem

Part Section

4.1 Introduction of CP Factorization Problem
Part 1. Preparation work 4.2 Related Literature
4.3 CP Rank and CP Plus Rank

4.4 Reformulation as a Feasibility Problem

Part 2. Core proposal 4.5 Riemannian Approach to Feasibility Problem

4.6 Numerical Experiments

Part 3. Experiments and notes 4.7 Note and References

In this chapter, we will examine the problem of finding a Completely Positive (CP) factorization of
a given completely positive matrix and then treat it as a nonsmooth Riemannian optimization problem.
Moreover, we will solve it by using the Riemannian Smoothing Method (RSM) previously introduced
in Chapter 3. The numerical experiments clarified that our method can compete with other efficient CP

factorization methods, in particular on large-scale matrices.

4.1 Introduction of CP Factorization Problem

The space of n x n real symmetric matrices S(n) is endowed with the trace inner product (A, B) :=
trace(AB).

Definition 40 (Completely Positive Matrix, Copositive Matrix). A matrix A € S(n) is called completely
positive if for some r € N there exists an entrywise nonnegative matrix B € R”*" such that A = BB7,
and we call B a CP factorization of A. We define CP(n) as the set of n x n completely positive matrices,

equivalently characterized as

CP(n) := {BB” € S(n) : B is a nonnegative matrix } = conv{zz’ : z € R/},
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where “conv” denotes the convex hull. We denote the set of n X n copositive matrices by
COP(n) :={A € S(n): 2" Az > 0forallz € R"}.

It is known that COP,, and CP(n) are duals of each other under the trace inner product; moreover,
both CP(n) and COP(n) are proper convex cones [19, Section 2.2]. For any positive integer n, we have

the following inclusion relationship among other important cones in conic optimization:
CP(n) C (ST (n) NN(n)) € ST(n) C (ST(n) + N(n)) C COP(n),

where S*(n) is the cone of n x n symmetric positive semidefinite matrices and N(n) is the cone of n x n
symmetric nonnegative matrices. See the monograph [19] for a comprehensive description of CP(n) and
COP(n).

Conic optimization is a sub-field of convex optimization that studies minimization of linear functions
over proper cones. Here, if the proper cone is CP(n) or its dual cone COP,,, we call the conic optimiza-
tion problem a copositive programming problem. Copositive programming is closely related to many
nonconvex, NP-hard quadratic and combinatorial optimizations [68]. For example, consider the so-called
standard quadratic optimization problem, min{z” Mz | 17z = 1,z € R }, where M € S(n) is possibly
not positive semidefinite and 1 is the all-ones vector. Let E be the all-ones matrix. Bomze et al. [26]
showed that the following completely positive reformulation, min{(M, X) | (E, X) =1, X € CP(n)},
is equivalent to the standard quadratic optimization problem. Burer [40] reported a more general re-
sult, where any quadratic problem with binary and continuous variables can be rewritten as a linear
program over CP(n). As an application to combinatorial problems, consider the problem of computing
the independence number a(G) of a graph G with n nodes. De Klerk and Pasechnik [57] showed that
a(G) = max{(E,X) | (A+1,X) = 1,X € CP(n)}, where A is the adjacency matrix of G. For
surveys on applications of copositive programming, see [23, 27, 41, 67, 68].

The difficulty of the above problems lies entirely in the completely positive conic constraint. Note
that because neither COP(n) nor CP(n) is self-dual, the primal-dual interior point method for conic
optimization does not work as is. Besides this, there are many open problems related to completely positive
cones. One is checking membership in CP(n), which was shown to be NP-hard by [62]. Computing or
estimating the cp-rank, as defined later in (4.2), is also an open problem. We refer the reader to [18, 67]

for a detailed discussion of those unresolved issues. In this chapter, we focus on the following problem.

Problem 6 (CP Factorization Problem). Finding a CP factorization for a given A € CP(n), i.e., the CP
factorization problem:
find B € R"" s.t. A= BB and B > 0, (CPfact)

(CPfact) seems to be closely related to the membership problem A € CP(n). Sometimes, a matrix is
shown to be completely positive through duality, or rather, (A, X) > 0 for all X € COP,,, but in this

case, a CP factorization will not necessarily be obtained.
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4.2 Related Literature

Various methods of solving CP factorization problems have been studied. In this section, we briefly
discuss these related works.

Jarre and Schmallowsky [114] stated a criterion for complete positivity, based on the augmented
primal dual method to solve a particular second-order cone problem. Dickinson and Diir [61] dealt with
complete positivity of matrices that possess a specific sparsity pattern and proposed a method for finding
CP factorizations of these special matrices that can be performed in linear time. Nie [146] formulated
the CP factorization problem as an A-truncated K -moment problem, for which the author developed an
algorithm that solves a series of semidefinite optimization problems. Sponsel and Diir [183] considered
the problem of projecting a matrix onto CP(n) and COP(n) by using polyhedral approximations of these
cones. With the help of these projections, they devised a method to compute a CP factorization for any
matrix in the interior of CP(n). Bomze [24] showed how to construct a CP factorization of an n x n
matrix based on a given CP factorization of an (n — 1) x (n — 1) principal submatrix. Dutour Sikiri¢ et
al. [179] developed a simplex-like method for a rational CP factorization that works if the input matrix
allows a rational CP factorization.

In 2020, Groetzner and Diir [89] applied the alternating projection method to the CP factorization
problem by posing it as an equivalent feasibility problem (see (FeasCP)). Shortly afterwards, Chen et al.
[48] reformulated the split feasibility problem as a difference-of-convex optimization problem and solved
(FeasCP) as a specific application. In fact, we will solve this equivalent feasibility problem (FeasCP) by
other means in this thesis. In 2021, Bot and Nguyen [33] proposed a projected gradient method with

relaxation and inertia parameters for the CP factorization problem, aimed at solving
min{[l A — XX} | X € R} N}, (4.1)

where # := {X € R™" . | X||p < \/trace(A)} is the closed ball centered at 0. The authors argued
that its optimal value is zero if and only if A € CP(n).

Inspired by the idea of Groetzner and Diir [89], wherein (CPfact) is shown to be equivalent to
a feasibility problem called (FeasCP), we treat the problem (FeasCP) as a nonsmooth Riemannian

optimization problem and solve it through a general Riemannian smoothing method.

4.3 CP Rank and CP Plus Rank

First, let us recall some basic properties of completely positive matrices. Generally, many CP factorizations
of a given A may exist, and they may vary in their numbers of columns. This gives rise to the following
definitions: the cp-rank of A € S(n), denoted by cp(A), is defined as

cp(A) :=min{r e N| A= BB, B € R"*", B > 0}, 4.2)
where cp(A) := oo if A ¢ CP(n). Similarly, we can define the cp-plus-rank as

cpt(A) :=min{r e N| A= BBT, B € R"™" B > 0}. (4.3)
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Immediately, for all A € S(n), we have
rank(A) < cp(A) < cpT(A). (4.4)

Every CP factorization B of A is of the same rank as A, since rank(X X”) = rank(X) holds for
arbitrary matrix X. The first inequality of (4.4) comes from the fact that for any CP factorization B,
rank(A) = rank(B) < the number of columns of B. The second is trivial by definition. Note that
computing or estimating the cp-rank of any given A € CP(n) is still an open problem [18]. The following
result gives a tight upper bound of the cp-rank for A € CP(n) in terms of the order n.

Theorem 13 ([25, Theorem 4.1]). For all A € CP(n), we have

forn €{2,3,4}

n

The following result is useful for distinguishing completely positive matrices in either the interior or
on the boundary of CP(n).

Theorem 14 ([60, Theorem 3.8]). We have

int(CP(n)) = {4 € S(n) : rank(A) = n,cpT (A4) < oo}
= {A € S(n) : rank(A) =n,A= BBT B R™" B >0,

B. j > 0 for at least one column B. j of B}.

4.4 Reformulation as a Feasibility Problem

Groetzner and Diir [89] reformulated the CP factorization problem as an equivalent feasibility problem
containing an orthogonality constraint.

Given A € CP(n), we can easily get another CP factorization B with 7/ columns for every integer
r’ > r, if we also have a CP factorization B with 7 columns. The simplest way to construct such an n x 7/
matrix B is to append k := r’ — r zero columns to B, i.e., B:= [B,0,x%] > 0. Another way is called

column replication, i.e.,

B. ], 4.5)

m:=r’—n~+1 columns

where B. ; denotes the ¢-th column of B. It is easy to see that BBT = BBT = A. Recall that definition
of cp(n) is given in Theorem 13. As a result, » > cp(A) if and only if A has a CP factorization B with r

columns Let us consider the orthogonal group of order r:
O(r) ={XeR™: X"X =XX"=1}.

Note that many authors have proved that BBT = CCT if and only if there exists X € O(r) with BX =
C forany B,C € R™ " (see, e.g., [41, Lemma 2.1] and [89, Lemma 2.6]). The next proposition puts the

previous results together.
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Proposition 8. Let A € CP(n),r > cp(A), A = BBT, where B € R™ " may possibly be not nonnega-
tive. Then there exists an orthogonal matrix X € O(r) such that BX > 0and A = (BX)(BX)T.

This proposition tells us that one can find an orthogonal matrix X which can turn a “bad” factorization
B into a “good” factorization BX. Let r > cp(A) and B € R™ " be an arbitrary (possibly not
nonnegative) initial factorization A = BB . The task of finding a CP factorization of A can then be

formulated as the following feasibility problem.

Problem 7 (Reformulation of Problem 6 as a Feasibility Problem [89] ).
find X s.t. BX >0and X € O(r). (FeasCP)

Note that finding an initial matrix B is not difficult. Since a completely positive matrix is necessarily
positive semidefinite, one can use Cholesky decomposition or spectral decomposition and then extend it

to r columns by using (4.5).

Remark 15. The condition » > cp(A) is necessary; otherwise, (FeasCP) has no solution even if
A € CP(n). Regardless of the exact value of cp(A) which is often unknown, one can use r = cp(n)
defined in Theorem 13.

4.5 Riemannian Approach to Feasibility Problem

In this section, we will proposal a Riemannian approach to (FeasCP).

For (FeasCP), [89] applied the so-called alternating projections method to (FeasCP). Given an initial
decomposition B of A € CP(n), they defined the polyhedral cone, & := {X € R™" : BX > 0}, and
rewrote (FeasCP) as

find X s.t. X € Z2NO(r).

Let Projg(z) := arg min,e¢g ||z — z|| denotes the projection of a point x onto some set S. The alternating
projections method is as follows: choose a starting point Xy € O(r); then compute Py := Proj 5 (Xo)
and X := Projo ) (Py), and iterate this process. Computing the projection onto & amounts to solving
a Second-Order Cone Problem (SOCP), while computing the projection onto O(r) amounts to a singular
value decomposition. Note that we need to solve an SOCP alternately at every iteration, which is still
expensive in practice. A modified version without convergence involves calculating an approximation of
Proj »(X}) by using the Moore-Penrose inverse of B; for details, see [89, Algorithm 2].

Our way is to use the optimization form. Here, we denote by max(-) (resp. min(-)) the max-function
(resp. min-function)) that selects the largest (resp. smallest) entry of a vector or matrix. Notice that

—min(-) = max(—(-)). We associate (FeasCP) with the following optimization problem:

in (BX)}.
Xrélgig){mln( )}

For consistency of notation, we turn the maximization problem into a minimization problem:

i —BX)Y. OptCP
oin {max (—BX)} (OptCP)
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The feasible set, orthogonal group O(r), is known to be compact [96, Lemma 2.1.8]. In accordance with
the extreme value theorem [160, Theorem 4.16], (OptCP) attains the global minimum, say ¢. Summarizing

these observations together yields the following proposition.

Proposition 9. Set r > cp(A), and let B € R™" be an arbitrary initial factorization of A. Then the
following statements are equivalent:

1. Ae CP(n).

2. (FeasCP) is feasible.

3. In (OptCP), there exists a feasible solution X such that max(—BX) < 0; or, min(BX) > 0.

4. In (OptCP), the global minimum t < 0.

Since the feasible set O(r) is a Riemannian manifold (refer to Example 3), we treat the CP factorization
problem, i.e., (OptCP) as a problem of minimizing a nonsmooth function over a Riemannian manifold, for
which variants of subgradient methods [31], proximal gradient methods [56], and the alternating direction
method of multipliers (ADMM) [122] have been studied.

4.6 Numerical Experiments

The numerical experiments in Section 4.6 were performed on a computer equipped with an Intel Core
17-10700 at 2.90GHz with 16GB of RAM using Matlab R2022a. Our Algorithm 4 is implemented in
the Manopt framework [37] (version 7.0). The number of iterations to solve the smoothed problem
(3.13) with the sub-algorithm is recorded in the total number of iterations. The codes is available at
https://github.com/GALVINLAI/RieSmooth.

In this section, we describe numerical experiments that we conducted on CP factorization in which
we solved (OptCP) using Algorithm 4, where different Riemannian algorithms were employed as sub-
algorithms and lse(—BX, i) was used as the smoothing function. To be specific, we used three built-in
Riemannian solvers of Manopt 7.0 — Steepest Descent (SD), Conjugate Gradient (CG), and Trust Regions
(TR), denoted by SM_SD, SM_CG and SM_TR, respectively. We compared our algorithms with the
following non-Riemannian numerical algorithms for CP factorization that were mentioned in subsection
4.2. We followed the settings used by the authors in their papers.

» SpFeasDC_Is [48]: A difference-of-convex functions approach for solving the split feasibility problem,
it can be applied to (FeasCP). The implementation details regarding the parameters we used are the
same as in the numerical experiments reported in [48, Section 6.1].

e RIPG_mod [33]: This is a projected gradient method with relaxation and inertia parameters for solving
(4.1). As shown in [33, Section 4.2], RIPG_mod is the best among the many strategies of choosing
parameters.

* APM_mod [89]: A modified alternating projection method for CP factorization; it is described in
Section 4.5.

We have shown that lse(z, 1) is a smoothing function of max(z) with gradient consistency. The
Ise(+, 1) of the matrix argument can be simply derived from entrywise operations. Then from the properties
of compositions of smoothing functions [22, Proposition 1 (3)], we have that Ise(—BX, 11) is a smoothing

function of max(—BX) with gradient consistency.
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In practice, it is important to avoid numerical overflow and underflow when evaluating lse(z, u).
Overflow occurs when any x; is large and underflow occurs when all x; are small. To avoid these problems,

we can shift each component x; by max(x) and use the following formula:

n
Ise(e, 1) = ulog(> " exp((z; — max(x))/p)) + max(a),
i=1
whose validity is easy to show.

The details of the experiments are as follows. If A € CP(n) was of full rank, for accuracy reasons,
we obtained an initial B by using Cholesky decomposition. Otherwise, B was obtained by using spectral
decomposition. Then we extended B to 7 columns by column replication (4.5). We set r = cp(A) if
cp(A) was known or r was sufficiently large. We used RandOrthMat .m [178] to generate a random
starting point X on the basis of the Gram-Schmidt process.

For our three algorithms, we set g = 100, 6 = 0.8 and used an adaptive rule (3.17) of 0y := yux
with v = 0.5. Except for RIPG_mod, all the algorithms terminated successfully at k-th iteration , where
min(BX*) > —107!5 was attained before the maximum number of iterations (5,000) was reached. In
addition, SpFeasDC_ls failed when L;, > 10'°. Regarding RIPG_mod, it terminated successfully when
|A— X, XT|I2/|| Al < 107'° was attained before at most 10,000 iterations for n < 100, and before
at most 50,000 iterations in all other cases. In the tables of this section, we report the rounded success
rate (Rate) over the total number of trials, although the definitions of “Rate” in the different experiments

(described in Sections 4.1-4.4) vary slightly from one experiment to the other. We will describe them later.

4.6.1 Randomly Generated Instances

We examined the case of randomly generated matrices to see how the methods were affected by the
order n or r. The instances were generated in the same way as in [89, Section 7.7]. We computed C'
by setting C;; := |B;;| for all ¢, j, where B is a random n x 2n matrix based on the Matlab command
randn, and we took A = C'CT to be factorized. In Table 4.2, we set » = 1.5n and r = 3n for the
values n € {20, 30,40, 100, 200, 400, 600, 800}. For each pair of n and r, we generated 50 instances if
n < 100 and 10 instances otherwise. For each instance, we initialized all the algorithms at the same
random starting point X and initial decomposition B, except for RIPG_mod. Note that each instance A
was assigned only one starting point.

Table 4.2 lists the average time in seconds (Time (s)) and the average number of iterations (Iter.)
among the successful instances. For our three Riemannian algorithms, Iter. contains the number of
iterations of the sub-algorithm. Table 4.2 also lists the rounded success rate (Rate) over the total number
(50 or 10) of instances for each pair of n and r. Boldface highlights the two best results in each row.

As shown in Table 4.2, except for APM_mod, each method had a success rate of 1 for all pairs of n
and r. Our three algorithms outperformed the other methods on the large-scale matrices with n > 100. In

particular, SM_CG with the conjugate-gradient method gave the best results.
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4.6.2 Specifically Structured Instance

Let 1,, denote the all-ones vector in R" and consider the matrix [89, Example 7.1],

T
0 1, 0 1
1

A, =
" 1n—1 In—l

€ CP(n).

n—1 n—1

Theorem 14 shows that A,, € int(CP(n)) for every n > 2. By construction, it is obvious that cp(A4,) = n.
We tried to factorize A,, for the values n € {10, 20, 50, 75,100, 150} in Table 4.3. For each A,,, using
r = cp(A,) = n and the same initial decomposition B, we tested all the algorithms on the same 50
randomly generated starting points, except for RIPG_mod. Note that each instance was assigned 50
starting points.

Table 4.3 lists the average time in seconds (Time (s)) and the average number of iterations (Iter.)
among the successful starting points. It also lists the rounded success rate (Rate) over the total number
(50) of starting points for each n. Boldface highlights the two best results for each n. We can see from
Table 4.3 that the success rates of our three algorithms were always 1, whereas the success rates of the
other methods decreased as n increased. Likewise, SM_CG with the conjugate-gradient method gave the

best results.

4.6.3 Easy Instance on Boundary

Consider the following matrix from [181, Example 2.7]:

41 43 80 56 50
43 62 89 78 51
A= 180 89 162 120 93
56 78 120 104 62
50 51 93 62 65

The sufficient condition from [181, Theorem 2.5] ensures that this matrix is completely positive and
cp(A) = rank(A) = 3. Theorem 14 tells us that A € bd(CP(5)), since rank(A) # 5.

We found that all the algorithms could easily factorize this matrix. However, our three algorithms
returned a CP factorization B whose smallest entry was as large as possible. In fact, they also max-
imized the smallest entry in the n x r symmetric factorization of A, since (OptCP) is equivalent to
max _ y x7 xegnx-{min(X)}. When we did not terminate as soon as min(BX*) > —107?, for exam-
ple, after 1000 iterations, our algorithms gave the following CP factorization whose the smallest entry is
around 2.8573 > —101°:

[ 3.5771 4.4766 2.8573
2.8574 3.0682 6.6650
A= BBT  where B~ | 8.3822 7.0001 6.5374
5.7515 2.8574 7.9219
| 2.8574 6.7741 3.3085
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4.6.4 Hard Instance on Boundary

Next, we examined how well these methods worked on a hard matrix on the boundary of CP(n). Consider

the following matrix on the boundary taken from [69]:

8 51 15
58 5 1 1

A=|1 5 8 5 1| ebd(CP(5)).
11585
5115 8|

Since A € bd(CP(5)) and A is of full rank, it follows from Theorem 14 that cp*(A4) = oo; i.e.,
there is no strictly positive CP factorization for A. Hence, the global minimum of (OptCP), t = 0, is clear.
None of the algorithms could decompose this matrix under our tolerance, 10~1?, in the stopping criteria.

As was done in [89, Example 7.3], we investigated slight perturbations of this matrix. Given

110000
101000
MMT = C eint(CP(5)withM=1|1 0 0 1 0 0 |,
100010
|10 00 0 1|

we factorized Ay := AA + (1— \)C for different values of A € [0,1) using » = 12 > cp; = 11. Note
that Ay € int(CP(5)) provided 0 < A < 1 and A) approached the boundary as A\ — 1. We chose the
largest A = 0.9999. For each Ay, we tested all of the algorithms on 50 randomly generated starting points
and computed the success rate over the total number of starting points.

Table 4.1 shows how the success rate of each algorithm changes as A approaches the boundary. The
table sorts the results from left to right according to overall performance. Except for SM_TR, whose
success rate was always 1, the success rates of all the other algorithms significantly decreased as A
increased to 0.9999. Surprisingly, the method of SM_CG, which performed well in the previous examples,
seemed unable to handle instances close to the boundary.
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Table 4.1 Rate rate of CP factorization of A, for values of A from 0.6 to 0.9999.

A SM_TR | SM_SD | RIPG_mod | SM_CG | SpFeasDC_ls | APM_mod
0.6 1 1 1 1 1 0.42
0.65 1 1 1 1 1 0.44
0.7 1 1 1 1 1 0.48
0.75 1 1 1 1 1 0.52
0.8 1 1 1 1 0.96 0.46
0.82 1 1 1 1 0.98 04
0.84 1 1 1 1 0.86 0.24
0.86 1 1 1 1 0.82 0.1
0.88 1 1 1 1 0.58 0.18
0.9 1 1 1 1 0.48 0.18
091 1 1 1 1 0.4 0.14
0.92 1 1 1 1 0.2 0.18
0.93 1 1 0.98 1 0.22 0.22
0.94 1 1 0.98 1 0.1 0.2
0.95 1 1 1 1 0.12 0.32
0.96 1 1 0.96 0.98 0.06 0.34
0.97 1 1 0.86 0.82 0.06 0.14
0.98 1 1 0.76 0.28 0.02 0
0.99 1 0.68 0.42 0 0 0
0999 |1 0 0.14 0 0 0
0.9999 | 1 0 0 0 0 0
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4.7 Note and References

In this chapter, we examined the problem of finding a CP factorization of a given completely positive
matrix and treated it as a Nonsmooth Riemannian Optimization.

Let us we summarize the relation of our approach to the existing CP factorization methods. Groetzner
and Diir [89] and Chen et al. [48] proposed different methods to solve (FeasCP). Bot and Nguyen [33]
tried to solve another model (4.1). However, the methods they used do not belong to the Riemannian
optimization techniques, but are rather Euclidean ones, since they treated the set O(r) := {X € R"™*" :
XTX = I} as a usual constraint in Euclidean space. By comparison, we recognize the existence of
manifolds, namely, the Stiefel manifold M = O(r), and use optimization techniques specific to them.
This change in perspective suggests the possibility of using the rich variety of Riemannian optimization
techniques. As the experiments in Section 4.6 show, our Riemannian approach is faster and more reliable
than the Euclidean methods.

As in the other numerical methods, there is no guarantee that Algorithm 4 will find a CP factorization
for every A € CP™. It follows from Proposition 9 that A € CP(n) if and only if the global minimum
of (OptCP), say t, is such that ¢ < 0. Since our methods only converge to a stationary point, Algorithm
4 provides us with a local minimizer at best. We are looking forward to finding a global minimizer of

(OptCP) in our future work.



88

Chapter 4. Application of RSM: Completely Positive Factorization Problem




89

Part 111

Proposal 11 - Riemannian Interior Point
Methods (RIPM)






91

Chapter 5

Riemannian Interior Point Methods
(RIPM)

Part Section

5.1 Review of Interior Point Methods
5.2 Riemannian Optimality Conditions
5.4 Riemannian Newton Method

5.7 Prototype Algorithm of RIPM

5.3 KKT Vector Field
Part 2. Core proposal 5.5 Covariant Derivative of KKT Vector Field
5.8 Solving Perturbed Newton Equation Efficiently

Part 1. Preparation work

5.6 Implication of Standard Riemannian Assumptions
Part 3. Core analysis 5.9 Local Convergence
5.10 Summary

Let M be a connected, complete d-dimensional Riemannian manifold. Starting from this chapter, we

consider the following Constrained Riemannian Optimization (CRO),

min f(x)

st. gi(z)<0,i=1,2,...,m,
hi(z) =0, j=1,2,....1,
reEM,

(CRO)

where f: M = R,h = (hy,...,h)): M = RLandg = (g1,...,9m): M — R™ are smooth functions.
This problem is also called the nonlinear programming problem on a Riemannian manifold. See Section
1.3 for a detailed overview of (CRO), including its research history and various applications.

In this chapter, we try to extend the interior point algorithms from the Euclidean setting, i.e., M = R¢
in (CRO), to the Riemannian setting. We call this extension the Riemannian Interior Point Method (RIPM).
Under meaningful assumptions in the Riemannian setting, we establish the locally convergence. We
also show global convergence in next chapter. Let us now briefly review the history of the interior point

methods.
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5.1 Review of Interior Point Methods

The advent of interior point methods in the 1980s greatly advanced the field of optimization [202, 213, 88].
By the early 1990s, the success of these methods in linear and quadratic programming ignited interest in
using them on nonlinear cases [73, 208]. From the 1990s to the first decade of the 21st century, a large
number of interior point methods for nonlinear programming emerged. They proved to be as successful as
the linear ones [147, Chapter 19].

A subclass known as primal-dual interior point methods is the most efficient practical approach. As
described in [132], the primal-dual approach to linear programming was introduced in [136]: it was
first developed as an algorithm in [121] and eventually became standard for the nonlinear case as well
[73, 208]. Since it seems to be an application of the Newton method for solving the KKT conditions, it
has been called the Newton interior point method in some of the literature.

Recently, Hirai et al. [95] extended the self-concordance-based interior point methods to Riemannian
manifolds. They aimed to minimize a geodesically convex (i.e., convex on manifolds) objective f: D — R
defined on a geodesically convex subset D C M. In contrast, in (CRO) we do not require any convexity.
In practice, many convex functions (in the Euclidean sense) are not geodesically convex on some
interested manifolds. For example, for any geodesically convex function defined on a connected, compact
Riemannian manifold (e.g., Stiefel manifold), it must be constant [34, Corollary 11.10], which is not of
interest in the field of optimization. Thus, (CRO) has a wider applicability.

To our knowledge, interior point methods have yet to be considered for (CRO). Thus, we are trying to
fill that gap. Our proposal is a generalization of classical local and global convergence theory of interior
point methods for nonlinear programming first proposed by El-Bakry et al. [73]. We will build our
proposal step-by-step, starting with the optimality conditions of (CRO).

5.2 Riemannian Optimality Conditions

In the field of optimization, the optimality conditions are critical for studying constrained problems in
Euclidean setting. These conditions offer first-order/second-order necessary conditions for a solution to
be optimal, provided some Constraint Qualifications (CQs) are satisfied. These classical concepts have
been generalized to the manifolds case verbatim (see [209, 17, 194] and [128, Subsection 2.2]). In this

section, we summarize these results for the sake of completeness.

5.2.1 First-Order Optimality Conditions
The Lagrangian of (CRO) is defined as
l m
L(z,y,2) == f(x)+ Y yihi(x) + Y zigi(x), (5.1)
j=1

i=1

where vectors y € R! and z € R™ are called the Lagrange multipliers corresponding to the equality and

inequality constraints, respectively.
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Fixing multipliers y and z, the (Riemannian) gradient of Lagrangian with respect to the manifold
variable z € M is denoted as grad,, L(z, y, z), given by

l m
grad, L(z,y, z) = grad f(x) + Z yjgrad hj(x) + Z z; grad g; (). (5.2)
j=1 i=1

Here, grad f(z), {grad h;(z)}._,, {grad g;(x)} ™, are the gradients of f, h;, and g; respectively. We
have assumed that at least, those functions are differentiable, then their gradients exist. The active set
A(x) ata point z € M is defined as

Alx) :={i:gi(x)=0,i=1,2,...,m},

and contains the indices of the inequality constraints that are “active”, i.e., the inequality constraints that

are exactly satisfied at z.

Definition 41 (Linear Independence Constraint Qualification (LICQ)). We say that the LICQ holds at

x € M if the tangent vectors in the set

!
{grad h; (x)}jzl U {grad gi(ﬂﬂ)}ieA(x)
are linearly independent in tangent space 71, M.

The LICQ serve as a typical Constraint Qualification (CQ) to ensure that optimality conditions hold at
an optimal solution z € M.

Definition 42 (First-Order Necessary Conditions (KKT Conditions)). We say that x € M satisfies the
Karush-Kuhn-Tucker (KKT) conditions of (CRO) if there exist Lagrange multipliers y € R and z € R™
such that the following hold.

l m
(Stationarity) grad f(x) + Z yj grad hj(x) + Z zigrad gi(z) = 0y; (5.3)

=1 i=1
(Primal feasibility) g;(z) <0, Vi=1,2,...,m; 5.4)
hi(z) =0, ¥j=12...1 (5.5)
(Dual feasibility) z; >0, Vi=1,2,...,m; (5.6)
(Complementarity) z;g;(z) =0, Vi=1,2,...,m. 5.7

Theorem 15 ([209, Theorem 4.4]). Suppose that x € M is a local minimum of (CRO) and that the LICQ
holds at x. Then, x satisfies the KKT conditions (5.3)-(5.7).

Although we assume that LICQ holds under our consideration, some weaker CQs are also available
on manifolds. In particularly, [17] generalized the many other CQs for (CRO) and established a chain of

implications among these CQs:

LICQ = MFCQ = ACQ = GCQ.
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Here, the Mangasarian-Fromovitz Constraint Qualification (MFCQ), Abadie’s Constraint Qualification
(ACQ), and Guignard’s Constraint Qualification (GCQ) have been well-understood in the context of
Euclidean spaces, as detailed in works like [147, 20]. Furthermore, [17] showed that the weakest one, i.e.,
GCQ can replace the role of LICQ in Theorem 15, while its claim remains unchanged.

[17] also demonstrated that the stationary condition (5.3), which involves Riemannian gradients (and

thus is implicitly determined by a Riemannian metric), can be substituted by (see Definition 19)

l m
z)+ Y yDhj(z) + Y zDg;(x) =
=1 i=1

where those differentials are well-defined without using any Riemannian metric on M, and the right
0 means the zero map from 7, M to R. This implies that the KKT conditions are intrinsic optimality

conditions for (CRO) and independent of Riemannian metric of M.

5.2.2 Second-Order Optimality Conditions

Going one step further, the (Riemannian) Hessian of Lagrangian in (5.1) with respect to x € M is denoted

as Hess, L(x,y, z), i.e., a linear operator on 7, M such that, for any £ € T, M,

l

Hess, L(z,y, z)[{] = Hess f(x —&—Zyj Hess h;( —i—ZzzHessgl( )€, (5.8)
7j=1 =1

or simply, as a linear combination of linear operators on 7, M:

Hess, L(z,y, z) = Hess f(z +Zy] Hess h( )—i—zjzZ Hess g;(z). (5.9)
j=1 i=1

Here, Hess f(x), {Hess h;(z)}._,, {Hess g;(z) }, are Hessians of f, h;, and g; respectively. We have
assumed that at least, those functions are twice differentiable, then their Hessians exist.

To identify the second-order optimality conditions at a point  with associated Lagrange multipliers y
and z, we consider the critical cone C(x,y, z) inside the tangent space T, M defined as follows (see [209,
Subsection 4.2] and [147, Section 12.4]).

(¢,gradhj (z)) =0, forall j =1,2,--- 1,
C(x,y,2) =4 £€TuM| (€ gradg; (z)) =0, foralli € A(z) with z; >0, 5. (5.10)
(&, grad g; (z)) <0, forall i € A(z) with z; = 0.

Definition 43 (Second-Order Necessary Conditions (SONC)). We say that x € M satisfies the SONC if
it satisfies KKT conditions (5.3)-(5.7) with associated Lagrange multipliers y and z, and

(Hess, L (x,y,2)&,&) > 0forany € € C (z,y, 2) .
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Definition 44 (Second-Order Sufficient Conditions (SOSC)). We say that x € M satisfies the SOSC if it
satisfies KKT conditions (5.3)-(5.7) with associated Lagrange multipliers y and z, and

(Hess, L (x,y, 2) &, &) > 0 for any nonzero £ € C (z,y, z) .

Theorem 16 ([209, Theorem 4.7]). Suppose that x € M is a local minimum of (CRO) and that the LICQ
holds at x. Then, x satisfies the SONC (see Definition 43).

Theorem 17 ([209, Theorem 4.8]). Suppose that x € M satisfies the SOSC (see Definition 44). Then, it

is a strict local minimum of (CRO).

The second-order optimality conditions will be further discussed in Section 5.6 to guarantee the
nonsingularity of covariant derivative of KKT vector field, which is a important result for our Riemannian

interior point method. We introduce the concept of KKT vector field in next section.

5.3 KKT Vector Field

In this section, using some more concise notations, we first revisit the KKT conditions (5.3)-(5.7) and
then transform those into a vector field defined on a product manifold. Following common usage in the

literature about interior-point methods, big letters denote the associated diagonal matrix, e.g.,

Z = Diag(z1,2,...,2,) for some z € R",

S = Diag (s1,2,...,s,) for some s € R".

For the elements of product manifold, the components in parentheses are sometimes arranged vertically

and sometimes horizontally. For example,

X
Y E(x,y,Z)GMlxMQXMg

z

for some product manifold M; x Mo x Ma3. Based on above notations and (5.2), the Riemannian KKT

conditions (5.3)-(5.7) are now reformulated as

, 5.11)
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Let 1 be the all-ones column vector. With slack variables s := —g(x), furthermore, the above can be
written as
grad, L(x,y, z) 0z
h 0
Fw) = | " —0:= : (5.12)
g(x)+s 0
ZS51 0
and (z,s) > 0, where
w = (z,y,2,5) €N =M xR x R™ x R™, (5.13)

Notice that for any w = (z,y, 2, s) in \V, the first component of F'(w) is a tangent vector in 7, M; the
Lagrange multipliers y, z and slack variables s, in turn, are treated as they usually are. In fact, we generate

a vector field F' on the Riemannian product manifold NV, i.e.,
F:NSTN2TM x TR x TR™ x TR™,
where T\ denotes the tangent bundle of A/, and
TN = TyM x R x R™ x R™

under the canonical identification 7,,€ = £ for any vector space £ and any v € £. The readers may refer

to Section 2.20 for the details of geometry tools on product manifold V.

Definition 45 (KKT Vector Field). Let N' = M x R! x R™ x R™. The vector field F' on A/ defined in
(5.12) is called the KKT vector field of (CRO).

In summary, the KKT conditions (5.3)-(5.7) for (CRO) can be interpreted as ones for finding a
singularity (see Definition 46 in next section) of a vector field on a Riemannian product manifold but with

partial nonnegative requirements, namely,
Find w € N such that F(w) = 0 and (2, s) > 0. (5.14)

Notice that the goal of all the algorithms explored in this thesis is to find points that satisfy the above
first-order necessary conditions. Such points, denoted as z*, or w* = (x*, y*, z*, s*), are termed KKT

points.

Remark 16 (Notes about KKT points). In contrast to convex optimization, where KKT conditions
also serve as sufficient conditions for a global minimizer, manifold constraints are generally nonconvex
structures. As nonconvex optimization problems present significant challenges, existing research primarily
aims to identify KKT points. Although the KKT points are not ensuring to be the optimal minimizer
(either locally or globally optimal), a large number of numerical experiments have indicated that the KKT

points are an effective criterion to reduce the objective function.
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5.4 Riemannian Newton Method

It is well known that in the Euclidean case, the interior point methods are closely related to the Newton

method, which is a powerful tool for finding the roots of nonlinear equations:
F(p)=0 (5.15)

where F': R™ — R" is a smooth nonlinear function. One of the most effective subclasses of interior point
methods, named primal-dual interior point methods (also named Newton interior point methods in some
literature), can be explained as motivated by the use of Newton method to solve a system of nonlinear
equations formed by the KKT conditions. We will track this motivation in the next sections and finally
present the interior point method on manifolds accordingly.

This section serves as an introduction to the existing research related to generalized Newton method
on Riemannian manifolds [77, 76, 74, 32]; it aims to find the singularity of a vector field defined as

follows.

Definition 46 (Singularity of a Vector Field). Consider a general manfiold M. Let F': M — T M be a
smooth vector field. The singularity of a vector field F' is a point p € M such that

F(p) =0, € T,M. (Singularity)

Remark 17. When M = R", (Singularity) reduces to nonlinear equations (5.15).

Let V be the Riemannian connection on M. Recall the definition of covariant derivative V F’, which
assigns each point p € M a linear operator VF'(p) from and to 7, M. Then, the (standard) Riemannian
Newton method for solving (Singularity) is stated in Algorithm 5. Just as the usual Newton method
requires the solution of a linear equation at each iteration, so does Algorithm 5, except that the linear

equation is defined on the tangent space.

Algorithm 5: Riemannian Newton Method for (Singularity)
Input: A vector field F' on M, an initial point pg € M and a retraction R on M.
Output: Sequence {p;} C M such that {p;} — p* and F(p*) = 0y« € T« M.
Setk — 0;

while stopping criterion not satisfied do
1. Solve the Newton equation (a linear operator equation on tangent space 15, M):

VF(pi)ér = —F (pr) (5.16)

to obtain &, € T, M;
2. Compute the next point as pi1+1 := Ry, (&k);
3. k—k+1;

end

In particular, when the vector field F' is set to the gradient vector field, i.e., F' = grad f for some

smooth scalar field f on M, Algorithm 5 becomes the Riemannian Newton method for solving the
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unconstrained Riemannian optimization min ¢ o¢ f (). Recall that if f is C' and z* is a local minimizer

of minge pq f (), then grad f (z*) = 0. By Definition 23, then Newton equation (5.16) reduces to

Hess f(pr)[&k] = — grad f(px)

We do not delve into the Riemannian Newton method for this specific case. If interested, please refer to
[5, 164, 1,7].

Remark 18. In this thesis, the term “Riemannian Newton method” refers specifically to Algorithm 5
for solving general singularity problems (Singularity), and not for solving the optimization problems
mingem f().

Recent advancements in the convergence of the Riemannian Newton methods can be categorized into
local and global convergence. We assume that p* is a solution of (Singularity). On the topic of local
convergence, the following two notable results stand out. [76] demonstrated that if the map p — V F(p)
is locally Lipschitz continuous at p* and

V F(p*) is nonsingular,

then the Algorithm 5 achieves local quadratic convergence. [74] revealed that under the more relaxed
condition of mere continuity of the map p — V F(p) at p*, if VF (p*) is also nonsingular, then Algorithm
5 achieves local superlinear convergence. Thus, we can observed that the requirement of nonsingularity of
the covariant derivative at the solution is essential. On the topic of global convergence, the damped Newton
method on manifolds proposed in [32], guarantees global convergence and does so with a superlinear or

quadratic rate.

5.5 Covariant Derivative of KKT Vector Field

If we try to apply the Riemannian Newton method to (5.14) (ignoring the non-negative constraints of z
and s for the moment), we must first formulate the covariant derivative of KKT vector field F at arbitrary

w € N, which will be given in Lemma 16.

5.5.1 Full Formulation

Recall that we have defined symbol w = (z,y, z, s) as in (5.13), then we can rewrite the Lagrangian
L(x,y,z) in (5.1) as L(w), and hence, grad, £L(w) = grad, L(x,y, z) in (5.2) and Hess, L(w) =
Hess, L(x,y, z) in (5.9) for the sake of simplicity. By using those notations, we have the following

important result.

Lemma 16 (Covariant Derivative of KKT Vector Field). Given any w € N, for the KKT vector field F
defined in (5.12), its covariant derivative VF (w): TyN — TN is the linear operator given by

Hess, L(w)Az + 22:1 Ayjgrad hj(x) + > it Az grad g;(z)
(2),Az) forj=1,2,...,1
VE(w)Aw = (grad h; (@), Az), . forj = 1,1 (5.17)
(grad g;(z), Az), + As;, fori=1,2,...,m

ZAs + SAz
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where Aw = (Az, Ay, Az, As) € TyM x R x R™ x R™ 22 T, . A compact formulation of above

will be given in Lemma 17 later.

Proof. For simplicity, we will consider the case in which (CRO) contains only inequality constraints.
Then, the Lagrangian £(z, z) = f(z) + ;" zigi(x) and KKT conditions are

grad, L(z, z) = grad f(z) + Z zi grad g;(z) = Oy,
i=1

and —g(x) > 0,z > 0. To avoid a redundant derivation process, we do not introduce the slack variables
s := —g(z). Actually, it could be introduced, but there is no essential difference in the proof. Let G(x)
be the associated diagonal matrix of vector g(x) € R™; then, the KKT vector field (without introducing
the slack variables) is £': M x R"™ — T'M x TR™ given by

B ( Fi(x,z2) > B < grad, L(z, z) )
F(z,2z) = = ;
Fy(z, 2) G(z)z
where Fi: M XR™ — T M, Fi(z,z) = grad, L(z,2),and Fr: M XR™ — TR™, Fy(x, z) = G(x)z.
We will compute the covariant derivative VF'(z, z) of F at (z,z) € M x R™ step by step in accordance
with Lemma 15. Let R™ be equipped with the canonical Euclidean connection V and M with a
Riemannian connection V, and we do not distinguish those connections with superscripts as in Lemma
15, since they should be clear from context.
Let (ug,u,) € T, M x R™ be the tangent vector at given point (z, z) € M x R™,

(1) Fix z and consider F (-, z): M — T M (a vector field on M). From the R-linearity of the connection
V on M (see Definition 21), we have

Vu, F1 (-, 2) =V, grad, L(z, z) = Hess, L(z, 2) [uz] .

(2) Fix z and consider Fi (z,-): R™ — T, M (a map between two vector spaces). By calculus on vector

spaces, we have

. Fi(z, 2+ tug) — Fi(z, 2)
DFi(,)(2) [u.] = lim 1 t 1

= Z(uz)z grad g;(x).

=1

(3) Fix x and consider F(z,-): R™ — TR™ (indeed, it is a map from R to R""). By the canonical

Euclidean connection in R™ and calculus as usual, we have

Vi Fy (2,) = DFy (2,) (2) [us] = G(z)uz = [g1(2) ()1, gim (@) (uz)m] " -

(4) Fix z and consider Fy(-,2): M — T,R™ = R™ (a map from M to R™). Here, let Fi(-,z) =

9i(x)z; be the component function for i = 1,...,m. Since DF}(-, 2)(z) [ug] = (grad, F3(, 2), ux>x =
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(zi grad gi(x), us),, , we have

DR )@l | [ 21 (grad g1 (@), ),
DFy(-,2) () [us] = z = '

DES* (-, 2) (2) [ua] zm (grad gm (2), Uz ),

(5) Finally, by combining the results for steps (1)-(4), VF(x, z) [ug, u,] is equal to

Hess, L(x, 2) [ug] + Z (uz), grad gi(z),

=1

( . z1 (grad g1 (), U:c>gg + g1(7) (uz)l )

zm (grad gm (2), uz), + gm(z) (uz),,

Vertically rewriting it yields

Hess, L(x, 2) [ug] + Y% (uz); grad gi(x) ) (5.18)

VF(x,z2)|ug,u,| =
(2)] ] ( z; (grad g;(), ug), + gi(x) (uz),, fori =1,2,...,m

At first glance, the above result is somewhat unlike (5.17). But the procedures for the four types of
functions, namely, steps (1) to (4) described above, are all situations we can encounter when we introduce
the slack variables s and the equality constraints i (z). Since there are 4 variables in (5.12), a careful
treatment of 16 steps yields (5.17). We omit these trivial processes in this thesis. O

5.5.2 Compact Formulation

To make the formulation of VF(w) in (5.17) look simpler, we introduce the following symbols. For each
x € M, we define two linear operators H, : R — T, M and G,.: R™ — T,, M by,

l m
Hov = Z vjgrad hj(z), Guv:= Z v; grad g;(x), (5.19)

j=1 i=1

for v € RI(R™), respectively. We observe that for every v € R!, £ € T, M,

(grad ha(z),£),,
(Mo, &), = 3 vy {grad hy(),€), = " :
= (grad h(z), ),

Hence, the adjoint of H,, is given by H%: T, M — R!,

Hié = [(grad hi(2),€), .+, (grad hy(z),€),]",

which is exactly what is in the second line of (5.17). Similarly, G : T, M — R™ is given by

Gi¢ = [(grad g1 (2),€), - . (grad gim(2),€),]" .

By using those symbols above, we obtain a compact form of (5.17) as follows.



Section 5.5 Covariant Derivative of KKT Vector Field 101

Lemma 17 (Compact Form of Covariant Derivative of KKT Vector Field). Given any w € N, for the KKT
vector field F defined in (5.12), its covariant derivative VF(w): T,N — TN is the linear operator
given by
Hess, L(w)Ax + H,Ay + G, Az
VFw)Aw = | AT , (5.20)
GrAx + As

ZAs+ SAz

where Aw = (Axz, Ay, Az, As) € Ty MxR!XR™xR™ = T, N. Moreover, its adjoint V F(w)* : TyN —
TwN is given by
Hess, L(w)Az + Hp Ay + G Az
*A
VE(w) Aw = | A : (5.21)
GrAx + SAs

ZAs + Az

Let Jp(x) € R9*P denote the Jacobian matrix of some function F': R? — R% at =, and Hy(z) €
RP*P denote the Hessian matrix of some f: R? — R at z. If we consider the Euclidean setting M = R¢
in (CRO), then H}, G are expressed as the Jacobian matrices of h, g at point x, and H,, G, are their

transposes. In this case, operator V F' (w) in (5.20) reduces to the matrix multiplication Aw — Jp(w)Aw:

He(w) Jn@)? I, 0 | [ A
J A
Ip(w)aw = | ThE@) 0 0 0 Y (5.22)
Jg(xz) 0O 0 I Az
0 0 S Z As

where Jp(w) is the (d 4+ 1 + 2m) x (d + | + 2m) Jacobian matrix of F' at w. Actually, (5.20) reduces to
the matrix form of that in Euclidean interior point method (see [147, Equation (19.6), Page 566]).

Remark 19. Moreover, if M is a Riemannian submanifold of R™ equipped with the inherited metric
(-,+), we can express H, and H} (also, G, and G}) by only using Euclidean gradients. Let Proj,, be the
orthogonal projector form R"™ onto 7, M C R", and egrad h;(x) be the Euclidean gradients of h; at x. It
follows from the linearity of Proj, and equality

grad hj(z) = Proj,[egrad h;(z)]

(see [34, Proposition 3.61]) that
! ! !
Hypv = Z vjgrad hj(z) = Z vj Proj, legrad h;(x)] = Proj, Z vj egrad hj(x)

J=1 J=1 J=1

On the other hand, since Proj,, is self-adjoint (recall Section 2.1) and Proj, & = & for every £ € T, M,

we have

(grad hj(x),§), = (Proj,[egrad h;(x)],§), = (egrad h;(z), Proj, §) = (egrad hj(x), &) .
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Thus,
M€ = [(egrad hy(2),€) -+, (egrad ly(x),&)]" .

It can be applied verbatim to G, and G.

5.6 Implication of Standard Riemannian Assumptions

At the end of Section 5.4, we discussed the conditions on guaranteeing local convergence of Riemannian
Newton method. We note that the requirement of nonsingularity for the covariant derivative at the solution
point (i.e., VF' (p*)) is of primary importance. In fact, under the meaningful optimality conditions
previously introduced in Section 5.2 , we can ascertain the nonsingularity of V F'(w*) for our KKT vector
field, as demonstrated in Proposition 10. Let A(x) := {i : g;(xz) = 0} denote the active set at x € M. We
collect those meaningful conditions as the following Assumption 1. We call them the standard Riemannian
assumptions for (CRO). Note that the 2* and w* in (A2)-(A4) all refer to those in (A1).

Assumption 1 (Standard Riemannian Assumptions of (CRO)).

(A1) (Existence) There exists w* = (z*, y*, 2*, s*) satisfying the KKT conditions (5.3)-(5.7), or equiva-
lently (5.11). Here, we introduce the slack variables s* := —g(x*).

(A2) (Regularity) LICQ holds at * (See Definition 41).

(A3) (Strict complementarity) (2*); > 0if g;(x*) =0foralli =1,--- ,m.

(A4) (Second-order sufficiency) SOSC holds at z* (See Definition 44). Under the condition (A3), SOSC
is equivalent to say that:
(Hess, £ (w*) §,&) > 0 for all nonzero § € T,+«M satisfying (£ grad h; (z*)) = 0 for all j =
1,2,---,l,and (¢ grad g; (x*)) = 0 forall i € A (z*) .

Proposition 10. Let Assumptions (Al)-(A4) hold at some point w* for (CRO). Then the operator V F (w*)

in (5.17) is nonsingular (i.e, invertible).

Proof. This proof omits all the asterisks of the variables. Define E := {1,...,l} and I := {1,...,m}.
Take some w = (z,y, z,s) € N satisfying (A1)-(A4), then we have s; = —g;(x) and z;s; = 0 for all
i € I. For short, let A := A(z) C L.

Suppose that VF' (w)[Aw] = 0 for some Aw = (Az, Ay, Az, As) € TyuN = T M xR xR™ xR™,
Avy; denotes the components of the vector Ay, as do Az;, As;. To prove its nonsingularity, we will show
that Aw = 0. Expanding the equation VF'(w)[Aw] = 0 gives

(0 = Hess, L(w)Axz + Z Ayj grad hj(x) + Z Az; grad g;(x),
JEE i€l
0 = (grad hj(z),Ax), forall j € E, (5.23)
0 = (grad g;(z), Ax) + As;, forall i € [,
0 = z;As; + s;Az;, foralli € 1.
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Strict complementarity (A3) and the last equalities above imply that As; = 0 forall i € A and Az; =0
forall s € I\ A. Substituting those values into the system (5.23) reduces it to

0 = Hess, L(w)Az + Z Ayj grad hj(x) + Z Az; grad g;(x),
jEE icA

0 = (grad hj(z),Ax), forall j € E,

0 = (grad g;(z), Ax), foralli € A,

(5.24)

and As; = — (grad g;(z), Ax) foralli € T\ A. It follows from system (5.24) that

0 = (Hess, L(w)Az + Z Ayj grad hj(x) + Z Az grad gi(x), Ax)
JEE i€A
= (Hess, L(w)Az, Az) + Z Ay;j (grad hj(z), Az) + Z Az; (grad g;(z), Az)
jEE i€A
= (Hess, L(w)Az, Ax),

Thus, from second-order sufficiency (A4), Ax must be zero element. And then As; = 0 foralli € T\ A.
Next, substituting Az = 0 into the first equation in (5.24) yields

0= Z Ayjgrad hj(x) + Z Az; grad g;(x).
JEE icA

The Regularity (A2) implies that the coefficients Ay; for j € E and Az; for i € A must be zero. This
completes the proof. O

The result of Proposition 10 again motivates the use of the Newton method for solving (5.14).

5.7 Prototype Algorithm of RIPM

In this section, we will formally propose the prototype of our Riemannian interior point manifold. This
prototype algorithm is indeed a local algorithm of RIPM.

Applying the Riemannian Newton method directly to the KKT vector field F': N — TN results in
the following Newton equation (see (5.16) without iteration count k ) at each iteration:

VF(w)Aw + F(w) = 0. (5.25)

As with the usual interior point method in the Euclidean setting, once the iterates reach the boundary of
the feasible region, they are forced to stick to it [202, Page 6]. For the iterates to maintain a sufficient
distance from the boundary, we introduce a perturbed complementary equation for some number p > 0
and define

(5.26)
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Here, 1 is the all-ones vector whose dimension is clear in context. Notice that the perturbation term é,

indeed, is a special vector field on V, not a constant, because 0, is essentially dependent on w and/or x.

Definition 47 (Perturbed KKT Vector Field). For some parameter y > 0, the vector field F), defined in
(5.26) is called the perturbed KKT vector field of (CRO).

Note that the covariant derivative of the perturbed KKT vector field is the same as that of the original
KKT vector field. From the linearity of the connection V, we have at any point w € N and any p > 0,
we have

VF,(w) = VF(w) — uVé(w) = VF(w), (5.27)

where the last equity comes from Vé(w)[Aw] = (0,,0,0,0) for all Aw € T,,N. Applying the Newton
method to F},(w) = 0 yields the perturbed Newton equation,

VF,(w)Aw + F,(w) = 0.
From (5.26) and (5.27), this equation is equivalent to
VF(w)Aw + F(w) = peé,

which reduces to the ordinary Newton equation (5.25) as i+ — 0. At this point, we can describe a prototype
of the Riemannian Interior Point Method (RIPM) in Algorithms 6.

Algorithm 6: Prototype Algorithm of RIPM for (CRO)
Input: A problem of (CRO), an initial point wy = (zg, Y0, 20, So) € N with (20, s9) > 0 and a

retraction R on M.
Output: Sequence {xy} C M.
Set k — 0, ug > 0;

while stopping criterion not satisfied do
1. Solve the perturbed Newton equation (a linear operator equation on tangent space 1, N):

VF(wk)Awk = —F(wk) + pré (5.28)

to obtain Awy, = (Azk, Ay, Azg, Asg) € Ty N
2. Compute a step size 0 < ay < 1 to ensure that (2x11, Sg+1) > 0;
3. Compute the next point as w11 = (Tg41, Ykt+1, Zkt1s Skt+1) = ka (axAwy);
4. Choose 0 < pigy1 < i
5.kEk—k+1;

end

There are many schemes for choosing step size oy, in above to ensure that (241, Sg+1) > 0. We here

present a simple scheme: choose v with 0 < 4 <~ < 1 for some constant 4 and compute the step size,

 := min {1,% min {— ((A‘S’;i) | (Asp)s < o} ~Jk min {— ((AZZ) | (Az)s < 0}} . (529
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This scheme is sufficient to guarantee the local superlinear and quadratic convergence of Algorithm 6, as
will be proved in Section 5.9.

On the other hand, the next lemma gives a homotopy (or, continuation) derivation of interior point
method (see [147, Chapter 19]). Note that Séguin and Kressner [175] developed continuation methods for

Riemannian optimization, which are closely related to our Riemannian interior point method.

Lemma 18. Under Assumptions (Al)-(A4) at some w*, there exist a sufficiently small i > 0 and a smooth
curve w: [0, i) — N such that w(0) = w* and

Fu(w(p)) = 0, ¥ € [0, 1)
where F' is the perturbed KKT vector field as in Definition 47.

Proof. By Proposition 10, we have that Fy(w*) = 0 and V Fy(w™) is nonsingular. The proof uses the
same technique as in [175, Theorem 3.1]. Roughly speaking, it applies the implicit function theorem to the

local coordinate representations of the vector field F' and its full-rank Jacobian matrix at the solution. [

This smooth curve p — w(p) is called the central path, whose endpoint w(0) = w* is a solution of
(CRO). p is customarily called the barrier parameter because F,(w(x)) = 0 can be interpreted as the

Riemannian KKT conditions of the following barrier problem:

min  f(z) — p S, log s
st. h(z)=0, g(z)+s=0,
(x,5) € M x R

5.8 Solving Perturbed Newton Equation Efficiently

The challenge of Algorithm 6 is how to solve the Newton equation (5.28) in an efficient manner. In this
section, we will do this in two steps: the first step will be to turn the original full Newton equation, which
is asymmetric and consists of four variables, into an equivalent condensed form, which is symmetric and
consists of only two variables. In the second step, an iterative method, namely, Krylov subspace method,
is used to solve the operator equations directly, avoiding the expensive computational effort of converting

them into the usual matrix equations.

5.8.1 Condensed Form of Perturbed Newton Equation

In this subsection, we will transform original full system into an equivalent condensed system.
Let us consider Algorithm 6 and omit the iteration count k. Given the current point w € A with
(z,5) > 0, for the KKT vector field F'(w) in (5.12), we denote its components by F, Fy, F;, Fs in

top-to-bottom order, namely,

F, :=grad, L(w), F, := h(z), F, .= g(x) + s, Fs :== ZS1.
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By using these symbols and the compact form (5.20), the full (perturbed) Newton equation (5.28) defined
on Ty N =2 Ty M x RE x R™ x R™ is expanded as:

Hess, L(w)Az + Hp Ay + G, Az —F,
*A -F
HaAe - y . (5.30)
GrAx + As - F,
ZAs+ SAz —Fs+pl

Not only does this equation contain four variables, but there is no symmetry on the left side of the equation,
so it would be unwise to solve it just like that.
We suppose that (z,s) > 0. (Recall that in our Algorithm 6, we can ensure (zg, sx) > 0 for every

iteration count k.) From the fourth line of (5.30), we can deduce
As=Z"1(ul — Fs — SAz).

Substituting above into the third line of (5.30), the whole system (5.30) reduces to

Hess, L(w)Az + Hz Ay + G Az —F,
Wi A | -F, . (5.31)
GiAx — Z71SAz ~Z7u1 — g(x)

Again, from the third line of (5.31), we can deduce
Az =S"1Z(GiAx + F,) + pl — Fy).

Substituting this Az further into the first line of (5.31) and combining it with the second line of (5.31)
yields the following condensed Newton equation, which is defined on T, M x R':

ApAzx + H, A
T(Az, Ay) = THasy ) ) (5.32)
HiyAx q
where
Ay = Hess, L(w) + G.S™'ZG,
ci=—F, —G.,S™ Y (ZF, + p1 — F,), (5.33)
q:=—F,.
Here, c and ¢ are constant vectors. If we defined operator
=G, 812Gz, (5.34)

then A,, = Hess, L(w) + V. Note that both ¥ and Hess, £(w) are operators from and to T, M.
From the discussion above, for any w € N with (z,s) > 0, the operator VF (w) in (5.20) is
nonsingular if and only if the newly defined operator 7 in (5.32) is nonsingular. Eventually, it is sufficient

for us to solve the equation (5.32) containing the only two variables Az and Ay. In fact, when we
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consider the case of only inequality constraints in (CRO), then Ay vanishes and only a linear equation
Awp[Az] = ¢ on T, M needs to be solved.

More importantly, the operator 7 in the left side of (5.32) is symmetric, or say self-adjoint (although
often indefinite). In following lemmas, we show that the operators ¥ and .A,, are self-adjoint; and thus T

is self-adjoint.

Lemma 19. In condensed form (5.32),
e the linear operators ¥, A, is self-adjoint on T, M with inner product (-,-),;
o the linear operator T is self-adjoint on the product vector space TyM x R! equipped with the inner

product ((§z,&y), (M, My)) = (Eas M)y + fyTUy-

Proof. VU is self-adjoint because U* = (G,S712G*)" = G:ZS~'G, = G:S~'ZG,. Then, we have
Ay = Hess, L(w)* + U* = Hess, L(w) + ¥ = A,,. Then, to show that 7 is self-adjoint, taking
(€xs&y)s (25 71y) € TeM x R, we have

This completes the proof. O

Remark 20. We can also see that (5.32) is a saddle point problem defined on Hilbert spaces form its
special structure. See [15, 159].

The following theorem states two sufficient conditions to ensure that the 7 is nonsingular. They are a
direct extension of the classical results [28, Theorem 6]. Note that H . in (5.19) is injective if and only if

the set {grad h; (:1:)}2:1 is linearly independent in 7, M.

Theorem 18. In condensed form (5.32), the linear operator T is nonsingular if one of the following
conditions hold:

(a) Ay and H:A, " H, are nonsingular;

(b) H is injective and A,, is positive definite on the null space of H.

Proof. (a) Choose an orthonormal basis of 7, M x R! to generate an isomorphism between the operators

and their the matrix representations. If notation “hat” denotes the corresponding matrix, we have
il Aw 7:[;)3
T=|7" .
H, O

Since the invertibility, symmetry, and structure are preserved, then matrices A, and 7-2%/1[017:[;3 are
invertible. By the properties of Schur complement for block matrix, T is invertible, i.e., T is nonsingular.
(b) We prove it in a direct way. Let 7 (Az, Ay) = (0,,0) and we show that (Az, Ay) = (0,0).

Since
HyAx 0
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we have H; Az = 0 by the second line, and

0= ((Az,Ay),T(Azx,Ay))
= ((Az, Ay), (ApAx + H, Ay, H Ax))
= (Az, AyAz), + (Ax, HoAy), + (Ay, H Ax),
(Az, Ay Az), = (Ax, AyAx), + 2 (H; Az, Ay) .

Since Az is in the null space of # and A, is positive definite on the null space of H, then we must
have Ax = 0,. Turn back to the first line of (5.8.1), we have H, Ay = 0,. Because H, is injective, we
have Ay = 0. O

5.8.2 Krylov Subspace Methods on Tangent Space

Next, how to solve (5.32) efficiently becomes critical. For simplicity, we consider the case of only

inequality constraints in (CRO), then we will only solve
Au[Az] =c (5.35)

with a self-adjoint operator A,,: T, M — T, M. Let d := dim T, M. Unfortunately, in most cases of
practical applications, Riemannian situation leaves us with no explicit matrix form available for 4,,. This
means that we can only access A (subscript w omitted) by inputting a vector v to return Av. A general
approach is to first find the matrix representation A for A under some basis of 7, M. In detail, the full

process of this approach is described in Algorithm 7.

Algorithm 7: General Matrix Representation Method for (5.35)
Input: Sysmetric invertible linear operator A: T, M — T, M, nonzero ¢ € T, M.

Output: Solution Az of AAx = c.

(Step 1) Obtain d random independent vectors on 71, M (it often needs d orthogonal projection

operations onto subspace 7, M when M is a Riemannian submanifold, e.g., M. randvec in
package Manopt [37]);
(Step 2) Obtain an orthonormal basis {ui}le of T, M by the modified Gram-Schmidt algorithm;
(Step 3) Compute (A);; = (Au;, u;) , for 1 <i < j < d due to symmetry, then we obtain the
matrix representation A € R?*;
(Step 4) Compute (&); := {c,u;), for 1 < i < d, then we obtain the vector representation ¢ € R%
(Step 5) Use an arbitrary linear solver to get the solution Az € R? of matrix equation AAG = ¢

(Step 6) Recovery the tangent vector Az € T, M by Az = Zgzl(A:%)iui;

Recall that in Algorithm 6, at each iteration, x is updated and thus the tangent space 1, M changes
(so does operator A). Thus the six Steps in Algorithm 6 need to be done all over again. Obviously, this
approach is so expensive that it is not feasible in practice.

An ideal approach is to use an iterative method, such as a Krylov subspace method (e.g., conjugate
gradients method [34, Chapter 6.3]), on T, M directly. Such a method does not explicitly require a

coefficient matrix, and instead needs only a matrix-vector product. In general, it only needs to call an
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abstract linear operator v — Av. Since A in (20) is self-adjoint but indefinite, for solving operator
equation (5.35), we will use the Conjugate Residual (CR) method (see [161, ALGORITHM 6.20]) as
stated in Algorithm 8.

Algorithm 8: Conjugate Residual (CR) Method on Tangent Spaces for (5.35)
Input: Sysmetric invertible linear operator A: T, M — T, M, nonzero ¢ € T, M and an initial

point vy € T, M.
Output: Sequence {v,, } C T, M such that {v,,} — v* and Av* = c.

Setn — 0, rg := ¢ — Avg, po := ro and compute Arg, Apg ;
while stopping criterion not satisfied do

Update number v, := {1y, Arp) e/ (Apn, App)e ; // Update step size
Un+1 i= Un + QpDp ; // Update iterate point
Tnal = Tn — QpApp 3 // Update Residual
Compute Ary, 11 ; // This is the only call to A in while loop
Update number 3, := (rp41, Arnt1)z/(Fn, Arn) sz 5

DPntl = Tyl + Bupn s // Update conjugate direction
Apni1 = Arpy1 + BuApn s // No need to call A here
n—n-+1;

end

A significant feature is that the iterates v,,, conjugate directions p,,, and residual vectors r, := Av, —c
are all contained in 7, M. Usually, the initial point v is the zero element of 7, M the iteration terminates
when the relative residual ||7,]|/||c|| < e for some threshold & > 0, or some maximum number of iterates
is reached.

The discussion of the above two approaches can be naturally extended to the case containing equality

constraints, where we consider 7~ with the product space T, M x R! instead of A with T, M.

5.9 Local Convergence

In this section, we will prove the local superlinear/quadratic convergence of prototype Algorithm 6.
Along the lines of the local convergent analysis in Euclidean setting (see [73, Section 5]), we begin
with a perturbed damped Riemannian Newton method and then derive its local convergence theory in
Subsection 5.9.1. Then, the convergence of Algorithm 6 results from an application of the perturbed
damped Riemannian Newton method and will be described in Subsection 5.9.2 later. Here, for any two
nonnegative infinite sequences of reals {ug } and {vy }, we write uy, = O(vy) if there is a constant M > 0
such that u, < Muy, for all sufficiently large k; and we write uy, = o(vg) if vx > 0 and the sequence of

ratios {uy /vy } approaches zero.
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5.9.1 Perturbed Damped Riemannian Newton Method

Let us digress from the optimization problem (CRO) for a moment and refocus on the problem of finding

the singularity of a vector field (see Section 5.4) as follows:
F(p) =0, € T,M, (Singularity)

where F is a C' vector field on M. We will rely on an application of so-called perturbed damped

Riemannian Newton method for solving (Singularity), which can be stated as Algorithm 9.

Algorithm 9: Perturbed Damped Riemannian Newton Method for (Singularity)
Input: A vector field F' on M, an initial point pg € M and a retraction R on M.

Output: Sequence {p;} C M such that {p;} — p* and F(p*) = 0y« € T« M.
Setk — 0,up >0

while Stopping condition is not met do
1. Solve the perturbed Newton equation (a linear operator equation on tangent space 1}, M):

VF(pr)ék = —F(pk) + pié (5.36)

to obtain §j, € 1), M;
2. Choose a (damped) step size 0 < a, < 1;
3. Compute the next point as py11 := Ry, (@) ;
4. Choose 0 < pgy1 < fi;
50k—k+1;

end

In contrast to the (standard) Riemannian Newton method described in Algorithm 5, the term “perturbed”
means that we solve a Newton equation (5.36) with a perturbed term p;.é (for € see (5.26)), while “damped”
means using oy, instead of unit steps. It is well known that Algorithm 5 are locally superlinearly [74] and

quadratically [77] convergent under the following Standard Riemannian Newton assumptions:

Assumption 2 (Standard Riemannian Newton Assumptions of (Singularity)).
(B1) There exists p* € M such that F'(p*) = 0p=.
(B2) The covariant derivative V F'(p*) is nonsingular.

(B3) The map p — VF(p) is locally Lipschitz continuous at p*.

As the following Proposition 11 shows, Algorithm 9 also has the same convergence properties as
Algorithm 5 if we control u;, and «y, according to the two schemes that Proposition 11 gives. We can
see that either scheme will have p;, — 0 and a — 1, which makes Algorithm 9 eventually reduce to

Algorithm 5 when £ is sufficiently large.

Proposition 11 (Local Convergence of Algorithm 9). Consider the perturbed damped Riemannian Newton
method described in Algorithm 9 for singularity problem (Singularity). Let the standard assumptions
(B1)-(B3) hold at solution point p*. If we choose the parameters 1, and oy, below (i) or (ii), then there
exists a constant 6 > 0 such that for any initial point py with d(po,p*) < 0, the sequence {py} in
Algorithm 9 is well-defined (i.e., for each k, equation (5.36) has a solution). Furthermore,
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(i) if we choose p, = o(||F (px)||) and ax, — 1, then {py} converges to p* superlinearly;
(ii) if we choose i, = O(||F(pg)||?) and 1 — o, = O(||F (p)||), then {py.} converges to p* quadrati-
cally.

Proof. By Lemma 14, we can let p; be sufficiently close to p* such that VF'(py) is nonsingular, and
|VE(pr) ™| < E. Then, the next iterate,

Pt = Ry [0 VE(pr) ™ (= F(pr) + 1€)];

is well-defined in Algorithm 9. It follows from p* = R, () with n := R, 1p* and Lemma 6 that

k

d(pr+1,0%) < a1]|exVF(pr) " (= F (pr) + pué) — ||
= a1||n + axVE(pr) " (F(pr) — pxé)||. (5.37)

Letry :=n + axVEF(py) " (F(pk) — pxé). Algebraic manipulations show that

ri =(1 — ap)n + aVF(pp) " VE(pr)n + axVF (pe) " (F(pr) — i)
=(1 = ap)n + axVF(pr) " [VF(pr)n + F(pr) — pie]
=(1 — aw)n + axVF(pr) ' [VF(pr)n + F(pr) — PS 7 F(p*) — el

where P, is a parallel transport along the curve  given by v(t) = R,, (tn).

Thus, using [|n|| < %d(pk, p*) from (iii) of Lemma 6 and the first estimation of Lemma 11, we have

lrell < (1 = )l + awl|VE (o) ~HIPS™HE (") — F(pr) — VE (i)l + awl|VE (o)~ ]]1€ll

1 * —_ * — ~
< ;O(l — ag)d(pr, p*) + arl|VF (pg) " Hlead? (pre, p*) + arel [ VF (pr) |11 €] 1k

1
< a—(l — ag)d(pr, p*) + Zcad®(pr, p*) + Z||é]| tx- (by Lemma 14 and 0 < ay < 1)
0

Therefore, by combining the above with (5.37), we conclude that

d(prs1,p") < w1(1 — ag)d(pe, p*) + Kod® (pr, P*) + Kapk (5.38)

for some positive constants k1, k2, k3. On the other hand, by Lemma 7, we have

1 (pr) | = O(d(pr, p*)).- (5.39)

In what follows, we prove assertions (i) and (ii).

(i) Suppose that oy, — 1 and g = o(||F(pk)||), which together imply ux = o(d(pk, p*)). By (5.38),

we have .
d(pr+1,0) 1k

d(pk, p*) d(pr, p*)’

and we can take ¢ sufficiently small and k sufficiently large, if necessary, to conclude that

< k1(1 — o) + Kod(pr, p*) + K3 (5.40)

o 1 .
d(pr+1,0") < 5d(pr, p*) < 6.
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Thus, pry1 € Bs (p*). By mathematical induction, it is easy to show that the sequence {py} is well-
defined and converges to p*. Taking the limit of both sides of (5.40) proves superlinear convergence.
(ii) Again, we start from (5.38):

d(pi11,0") = (1 — ar)O(d(pr, ) + O(d® (P, ")) + Ot (5.41)
Suppose that 1 — a, = O(||F(py)||) and g = O(]|F(px)||?). Using (5.39), the above equality reduces to
d(pr11,p*) = O(d* (P, "))
This implies that there exists a positive constant v such that d(py 1, p*) < vd?(pg, p*), and hence,
d(pri1,p*) < vd*(pr, p*) < w6 <6,

if 0 is sufficiently small. Again, by mathematical induction, it is easy to show that the sequence {py}

converges to p* quadratically. 0

5.9.2 Superlinear and Quadratic Convergence Theorem

Now, let us establish local convergence of RIPM in a way that almost replicates the results of perturbed
damped Newton method. In particular, we will consider Algorithm 6 with step size rule (5.29). We first
need the next lemma, which shows the relationship between the parameter 5 and step size oy, in the rule
(5.29).

Lemma 20. Consider the Algorithm 6 for problem (CRO). Let (Al) and (A3) hold at some w* =

(z*,y*, 2%, s*). Suppose that the step size oy, is chosen as in (5.29). Define a constant,

T = 2 max {m?x { (;)i | (s")s > 0} max { (;)Z_ L (27); > 0}} |

For vy, € (0,1), if

I | Awg|| < &, (5.42)

then
0<1—ap < (1) +IT[| Ay (5.43)

Proof. Notice that the fourth line of (5.30) yields
SIJIAS].@ + Z;lAZk = ,uk(Ska)_ll —1,

which is exactly the same as in the usual interior point method in the Euclidean setting. We don not need
to pay attention to any concept of manifolds. Thus, the proof entails directly applying [208, Lemma 3 and

4] for the Euclidean case to the Riemannian case. OJ

Remark 21. Rule (5.29) uses a single step size for the all variables. Another popular rule, also men-

tioned in [208, Equation (3.15)], uses different step sizes as follows: let wiy1 = (R, (g, Azg), yr +
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Qy, Ay, Sk + 0, Asy, 2 + 0, Azy), where

Qs = min {1,% miin {—((Assi) | (Asy),; < 0}}

)

a., = min {1,% rniin{—(fzi; | (Az), < 0}},

7

and o, = «, are equal to one or o, oOr a, . For this step size rule, we can obtain a similar result as in
Lemma 20. Refer to [208, Lemma 5] for details.

Now, let us establish the local convergence of our Algorithm 6 in a way that replicates Proposition 11

except for taking account of parameter .

Theorem 19 (Local Convergence of Prototype Algorithm 6). Consider the prototype Algorithm 6 for
solving problem (CRO). Let (Al)-(A4) hold at some w*. If we choose the parameters iy, Vi as follows;
then there exists a constant 6 > 0 such that, for all wy € N with d(wo, w*) < 0, the sequence {wy} is
well defined. Furthermore,

(i) if we choose py, = o(||F(wg)||) and v, — 1, then wy, — w™* superlinearly;

(ii) if we choose juy, = O(||F(wy)||*) and 1 — 3, = O(||F (wy,)||), then wy, — w* quadratically.

Proof. We only prove (ii) because (i) can be proven in the same way. Suppose that d(wy, w*) < § for
sufficiently small . Since F’ satisfies assumptions (B1)-(B3), form the proof of Proposition 11 and

equation (5.41), we also have
A, w") = (1 — ag)O(d(wp, w*)) + O (wp, w*)) + Ol
Since i = O(||F(wg)||?), and || F(wy)|| = O(d(wy, w*)) by equation (5.39), we obtain
px = O(d® (wp, w*)). (5.44)
Thus, we have

[Awg || = HVF wye) ™ (= F (wg) + pré)|
E(I[F(we)l[ + prllé]]) (by Lemma 14)

O(F(wk)) + O ()
= O(d(wk, w*)) + O(d?(wg, w*)) = O(d(wy, w*)) (by equation (5.44)).

Since 4 is sufficiently small, from equation (5.44) and the above inequalities, the conditions of Lemmas

20 are satisfied. Hence, we have

0<1—ap<(1—)+IAwg| = (1 =) + O(d(wg, w")), (5.45)
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and

d(wpy1,w*) = (1 — ag)O(d(wy, w*)) + O(d*(wi, w*)) + O(ux)
< [(1 =) + O(d(wi, w*)]O(d(wy, w*)) + O(d*(wy, w*)) + O(d*(wg, w*)) (by (5.44), (5.45))
= O(d*(wy, w*)).

This completes the proof. 0

5.10 Summary

This chapter introduces the Riemannian Interior Point Methods (RIPM) applied to a connected, complete
Riemannian manifold for solving Constrained Riemannian Optimization (CRO). We extend the classical
primal-dual interior point method from the Euclidean setting to the Riemannian one, establishing local
convergence under certain assumptions.

Section 5.2 includes an overview of Riemannian optimality conditions, adapting classical concepts of
first-order/second-order necessary conditions and Constraint Qualifications (CQs) to manifold settings.
Section 5.3 reinterprets the KKT conditions of (CRO) as a special vector field (called KKT vector field) on
a Riemannian product manifold. In Section 5.4, the Riemannian Newton Method is discussed, along with
the covariant derivative of the KKT vector field given in Section 5.5, essential for applying the interior
point method to the (CRO). We provides both full and compact formulations for this covariant derivative.
Section 5.6 explores the implications of standard Riemannian assumptions, particularly the importance of
the nonsingularity of the covariant derivative at the solution point for local convergence. In Section 5.7,
a prototype algorithm of RIPM is proposed, focusing on local algorithms. The challenge of efficiently
solving the perturbed Newton equation is addressed in Section 5.8, proposing a two-step approach that
simplifies the equation and applies the Krylov subspace method for efficient computation. Finally, Section
5.9 concludes with a proof of local superlinear/quadratic convergence of the prototype RIPM algorithm

under applying the perturbed damped Riemannian Newton method for analysis.
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Global Convergent Algorithm of RIPM

Part Section

6.1 Interpretation of Algorithm 10
Part 1. Core proposal 6.2 Sufficient Decreasing Condition
6.3 Centrality Conditions

6.4 Global Convergence Theorem

6.5 Auxiliary I: Continuity of Some Special Scalar Fields
6.6 Auxiliary II: Boundedness of Sequences

6.7 Proofs of Global Convergence Theorem 20

Part 2. Core analysis

6.8 Numerical Experiments

Part 3. Experiments and summary 6.9 Summary

In previous chapter, we discussed the prototype algorithm of Riemannian Interior Point Method
(RIPM) in Algorithm 6 and gave its local convergent result. In this chapter, however, we will propose
a globally convergent version of RIPM, which uses the classical line search described in [73]. We first
describe the globally convergent algorithm of RIPM in Algorithm 10 as follows, and we will explain it

step by step and prove its global convergent theorem in the following sections.
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Algorithm 10: Global Convergent Algorithm of RIPM for (CRO)
Input: A problem of (CRO), an initial point wg = (zg, Y0, 20, So) € N with (20, s9) > 0 and a
retraction R on M. 6 € (0,1), 8 € (0,0.5],7-1 € (0.5,1).
Output: Sequence {wy} C N such that {wy} — w* and w* satisfies the KKT conditions (5.12).
Setk — 0;

while Stopping criterion not satisfied do
1. Choose oy, € (0,1) and

pr € [2i si/m, | F(wp)|| /v/m] ; ©6.1)
2. Obtain Awy, = (Azy, Ayg, Azg, Asy) € T, N by solving the following linear equation:
VF(wg)Awy, = —F(wg) + ok pré; (6.2)

3. Step size selection:
(3a) Centrality conditions: Set v; € (0.5, v,_1) and a = min{ai, ozil } from (6.8) ;
(3b) Sufficient decrease condition: Let oy, := 0@y, where ¢ is the smallest nonnegative

integer such that o satisfies

i (Ruy (x Awg)) — p(wi) < B (grad p(wg ), Awg) ; (6.3)

4. Compute the next point as w41 := Ry, (e Awy) ;
5k—k+1;

end

6.1 Interpretation of Algorithm 10

In this section, we will provide new symbols and merit function needed in order to explain Algorithm 10.
In contrast to the prototype Algorithm 6, the main difference in the global Algorithm 10 is in the choice of
the step size. There is no major difference in solving the Newton equation to obtain the Newton direction.
Then, the efficient approach to solving the Newton equation discussed in Section 5.8 remains applicable.

Consequently, we often assume that the current Newton direction Awy, is already known.

6.1.1 New Symbols

For a starting point wo = (0, Yo, 20, 50) € N = M x Rl x R™ x R™ with (2g, s9) > 0, define two real

numbers as
min(ZpSpl) Lo
T i=—————, T2:

25 s0/m FE o),

6.4)
Here, m is the number of inequities constraints in (CRO). Then we have 0 < 71 < land 0 < 15 < {/m.
For simplicity, we often omit the subscript of iteration count k. Given the current point w =

(x,7,2,58) € N and current (Newton) direction Aw = (Az, Ay, Az,As) € T,N = T,M x R! x
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R™ x R™, the next iterate is calculated along a curve on N\, namely,
a— w(a) := Ry (aAw), (6.5)

for some step size a > 0. Recall that the retraction R on A is defined as (2.43). By introducing the

notations

we have

z(a) = Ry(aAz) € M,
y(a) =y + aAy, z(a) =z + alz, s(a) = s+ als.

Define two real to real functions

a = fI(a) == min(Z(a)S(a)1) — yrz(a)l s(a)/m, (6.6)
o 1 () = 2(a)75(@) — 172 | F(w(@)) 67)

where v € (0, 1) is a constant. Once the initial point wy is selected, then 71, 7o above are also constants.
Here, the big letters Z(«), S(«) represent the diagonal matrices whose diagonals are given by the vectors

2(a), (), respectively. Now, given the functions f*(«), for i = I, I, furthermore compute

a' == max {a| fi(t) >0, forallt € (0,a]}, (6.8)
a€e(0,1]
i.e., o' are either 1 or the smallest positive root for the functions () in (0, 1]. These are called centrality

conditions and will be discussed more in Section 6.3 later.

Remark 22. We note that the functions f?(«) (thus numbers o) for i = I, I depend on the iteration
count k, because the definition of curve w(«) in (6.5) is determined by current point wy, and current

tangent vector Awy. For simplicity we often choose not to write explicitly this dependency.

Remark 23. For a moment, we allow the existence of numbers o for i = I, I] in (6.8). A rigorous proof

will be presented in Proposition 14 later.

6.1.2 Merit Function

In constrained optimization, a merit function plays a crucial role by providing a mechanism to unify the
objective function and constraint violations, thereby guiding iterative algorithms towards feasible and
optimal solutions. Refer to [147, Section 15.4] for more. Choosing the Karush-Kuhn-Tucker (KKT)
conditions as a basis for constructing a merit function in constrained optimization can be an intuitive
choice. In previous Section 5.2, we know that the (Riemannian) KKT conditions (5.3)-(5.7) give a set
of necessary conditions for a solution to be feasible and optimal for (CRO). Thus, in Algorithm 10, we
selected the simplest merit function, p(w) := || F(w)||?, (subscript w is often omitted), which quantifies
the violation of the Riemannian KKT conditions. And, the ultimate goal of Algorithm 10 is to find w*

such that p(w*) = 0 but while keeping z*, s* nonnegative, see (5.14).



118 Chapter 6. Global Convergent Algorithm of RIPM

Proposition 12 (Gradient of Merit Function). Consider the KKT vector field F in (5.12) of (CRO). Define
a merit function p: N' — R by
p(w) = || F(w)|?, (6.9)

then we have
grad p(w) = 2V F (w)*[F(w)]. (6.10)

Here, VF(w)* is the adjoint operator of VF(w), see (5.21).

Proof. Equation (6.10) comes from the following derivation. Let £ € T,/ and choose an arbitrary
V e X(N) with V(w) = &, we have

Dip(w)[€] = Dp(w)[V (w)]
= (Vy)(w) (by (2.16), V can be seem as amap V : F(N) — F(N))
= (V(F, F))(w) (by ¢ = ||F||* = (F, F), also see (2.26))
= 2(V¢F, F) (w) (by Theorem 3, compatibility with the metric for V)
= 2(VF(w)[¢], F(w)) (by definition (2.28))
— (€, 2V F(w)" [F(w)]).

The assertion (6.10) now follows from definition of Riemannian gradient. ]

We conclude this section with some observations. Since the norm on the tangent space of product

manifold is given by (2.41), it is easy to see (recall (5.12)):
IF ()7, = llgrad, L(w)[[2 + [1h(2)[3 + [lg(x) + s]13 + 2513, (6.11)

Let [[v]l1 = >_i; |vi| be the [; norm for v € R™. It is well-known that the relation between /; and lo

norm is ||v||2 < ||v||1 < v/m]|v]|2 for all v € R™. Then for any positive z, s € R™, one has
1281, < 75 = | 281 < Vi | 251, (612
Hence, dividing both sides by v/m, and (6.11) leads to
1281, /v < <Ts/v/m < 1281l < | F()]. 613

This also shows that the range of choices for pg in (6.1) is well-defined.

6.2 Sufficient Decreasing Condition

In this section, let us focus on the Step (3b) sufficient decrease condition in Algorithm 10. Fixing the

current point w and current direction Aw € T,,V, we denote a real to real function a — ¢(cx) by

¢(O‘) = Qp(Rw(O‘Aw))v (6.14)
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where the right-hand ¢ is the merit function defined in (6.9). Note that ¢(0) = ¢(w). To emphasize
the k-th iteration, we often rewrite grad ¢ (wy) by grad ¢y, and p(Ra,, (Awy)) by ¢ (). We also use

notations

or = ¢k(0) = p(wi) = @y (6.15)

It follows from the Definition 16 of retraction on manifold that the derivative of ¢(«) at @ = 0 is
¢/(0) = Dg(Ru(0)) [DRu (0)[Aw]] = Dip(w)[Aw] = (grad p(w), Aw).
Hence at k-th w, and Awy,, we have

9%(0) = (grad ¢y, Awy),

and condition (6.3) is to say

o (o) — ¢ (0) < arBey(0), (6.16)

which is exactly the same as the sufficient decreasing condition (i.e., Armijo condition) in Euclidean
optimization. Finally, let us consider ¢} (0) in the right-hand side of the above inequality; by [147, Lemma
3.1], if ¢}.(0) < 0, then the backtracking loop of Step (3b) in Algorithm 10 is well-defined, i.e., it will

terminate at finite loops. This leads to the following concept.

Definition 48 (Descent Direction). We say that Awy, is a descent direction for p(w) in (6.9) at wy, if
(grad ¢, Awg) < 0.

The next lemma shows the condition under which the Newton direction Awj, generated by (6.2)

ensures the descent of the merit function.

Lemma 21 (Condition of Descent Direction — Setting of Parameter pj). Consider the Algorithm 10. If
the direction Awy, is the solution of equation (6.2), then

$1(0) = (grad ¢ (wy) , Awy) = 2 (— |F (wg)||* + UkPkZJ{Sk) : (6.17)

In this case, Awy, is a descent direction for o(w) at wy, if and only if py < ||F(wy)|)? Jorzl sk

Proof. The iteration count & is omitted. Let direction Aw be given as the solution of system (6.2), then

(grad p(w), Aw) = F(w)*F(w), Aw) (by (6.10))
(w), VF(w)Aw)

(w), =F(w) + opé) (by (6.2))
(F(w), F(w)) + op(F(w), €))

IF(w)]* + opz"s).

2V

2(F
2(F
2(—
2(—

For last equality above, note that by definitions of F' in (5.12) and é in (5.26), one has (F(w),é) =
(Z81,1) = z"s. Hence, ¢/(0) = (grad ¢(w), Aw) < 0 if and only if p < || F(w)||?/oz"s. O

In particular, our choice for pj, in (6.1) of Algorithm 10 satisfies the condition stated in Lemma 21,

thus our Algorithm 10 always generates the descent directions Awy,. We formalize this result in the next



120 Chapter 6. Global Convergent Algorithm of RIPM

proposition and also show that the Algorithm 10 can generate monotone nonincreasing sequences { ¢y }.
Note that ¢r+1 = ¢ (wr11) = ¢k () under the notations (6.15).

Proposition 13 (Monotonically Nonincreasing Sequence {¢}). If |[F(wy)|| # 0, then the direction
Auwy, generated by Algorithm 10 is a descent direction for the merit function p(w) at wi. Moreover, if

Armijo condition (6.3) is satisfied, then we have

or(ar) < [1—2a,B(1 — o)) $x(0).
And the sequence {py} is monotonically nonincreasing.

Proof. The iteration count k is omitted. Suppose that we choose p < || F(w)]| /4/m as in (6.1) and Aw is
given by (6.2), we have

¢'(0) =(grad p(w), Aw)
=2(—p(w) + opzTs) (by (6.17) and (6.9))
<2( +o|[F(w)]|z"s/vm)
<2( + 0 |[F(w)]?) (by (6.13))
=—2(1-o)p(w)
=—2(1-0)¢(0) < 0. (since o € (0, 1) in Algorithm 10) (6.18)

—p(w)
—p(w)

This directly gives the result that Aw is a descending direction. Alternatively, if we use the condition

from Lemma 21, it is sufficient to show that

IF ()| /vm < ||E(w)|?/o="s. (6.19)

Note that by (6.13), 02T's < 2T's < \/m||F(w)||; then, \/—% < % Multiplying both sides by || F'(w)||
gives (6.19).

Moreover, if condition (6.3), i.e., (6.16) is satisfied, then under the notations (6.15) we have

Pr+1 = O (o) < d(0) + By (0)
< ¢(0) + arB[—2(1 — o1) 1 (0)] (by (6.18))
= [1 = 2axB(1 — op)| o

Finally, in Algorithm 10, note that we set 5 € (0,1/2], o, € (0,1), and o, € (0,1], hence 0 <
1—2ax0 (1 — op) < 1, which implies that the sequence {¢x } ({r }) is monotonically nonincreasing. [

Remark 24. We can obtain the global Q-linear convergence of the values of the merit function ¢y, to zero,

if moreover, we request that {«y } is bounded away from zero. Note that

s W /NS
1 =1 < lim [1 -2 - L.
e T g, Sl Pms (ol <
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6.3 Centrality Conditions

In Remark 23, we assumed the existence of numbers o for i = I, I] in (6.8) for a moment. The next
proposition shows that the strict feasibility of the initial vectors zg, so > 0 is sufficient to guarantee the

existence.

Proposition 14 (Well-definedness of Centrality Conditions). Let f!(c) and f'!() be the centrality
functions defined in (6.6) and (6.7) where 11, T2 are given in (6.4). Set a sequence of parameters {y }
with0.5 < -+ <y <y <7 < 1.Ifzg > 0,50 > 0, then foreach k =0,1,2,...,

(i) there exists al > 0 such that ff(a) > 0, for all o € (0, o),

(i) there exists all > 0 such that flI(a) > 0, for all o € (0, al1).
Hence, the Step (3a) centrality conditions in Algorithm 10 is well-defined.

Proof. We only prove (i) by mathematical induction. The same idea can be applied to (ii). Consider

k = 0. By construct of 7; in (6.4), we have

f3(0) = min(Z0So1) — ~071(25 50/m)
= min(Z()So]_) — 70 min(ZOSOI)
= (1 — 70) min(ZpSp1) > 0. (since zg > 0,59 > 0)

Thus, f4(0) > 0. It follows the continuity of fI at o = 0, there exists o, > 0 such that f{(a) > 0,Va €
(0, o). Hence, (i) holds for k = 0.
Suppose that for £ = 0,1, 2, ..., (i) holds. Note that at k-th iteration, the quantities wy, Awy, and v

together determine the function:

fi(a) = min(Zg () Sp(a)1) — 71 (zx(a) T sp () /m).
A final step oy, is chosen such that ff () > 0. For k + 1, we have

Fi1(0) = min(Zy41(0)Sk11(0)1) = 4171 (2141(0) 5541 (0) /m)
= min(Zy415k411) = Yh4171 (Zhs1Sk41/m)
> min(Zy419k411) — Y71 (21 Skr1/m) (since 0 < Yep1 < k)
= min(Zy (o) Sk (ar)1) — w1 (2x(an) " sk (ar)/m)

= fi(aw) > 0.

Thus, f{,,(0) > 0. By continuity of f{,  at o = 0, there exists avf, ; > 0 such that f (o) > 0,Vor €
(0, af,]. This completes the proof. O

The role of the centrality conditions is to ensure the nonnegativity of z; and sy, during the iteration
process (through f,g ), as well as to prevent zgsk from becoming too small (through f,gl ). Too small
z,{sk may lead to too small selection of p;, which may affect the efficiency of the iteration of interior
point method. The above considerations are not any different from the interior point method in Euclidean

optimization. See [73, 28, 70] for more.
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At this point, all ingredients in Algorithm 10 have been explained and are well-defined. In the next
section, we directly state the convergence theorem of Algorithm 10. We end this section with following

minor result.

Lemma 22 (Bound of the Sequence {z] si}). Let {wy} be generated by Algorithm 10 and x := 73 /4.

Let m be the number of inequities constraints in (CRO). Then,

xe(wr) < (2 51)° < mo(wg).

Proof. By (6.7), we have z} s > vima||F (wi)|| > 72/2||F(wy)||, then (21 'sx)? > (72/2)2p(wy), which
leads to the first inequality. The second inequality follows (6.12). O

6.4 Global Convergence Theorem

Given an initial point wg and € > 0, let us define the set
Q) ={weN:e<pw)< goo,min(ZSI)/(sz/m) > 711/2, ZT5/||F(w)H > 19/2}.

Note that ©(¢) is a closed subset of N; Q(g) C ©(0) for any € > 0. We now establish global convergence
of the Algorithm 10 for (CRO) under the following assumptions.

Assumption 3 (Assumptions of Global Convergence of (CRO)).

(C1) in the set ©(0), the functions f, h, g are smooth; the gradients of the equality constraints are linearly
independent vector fields, i.e., the set {grad hj(ﬁU)};:l is linearly independent in 7, M for all z;
the map w — V F'(w) is Lipschitz continuous (with respect to parallel transport);

(C2) the sequences {zy} and {zj} are bounded [71, 28];

(C3) in any compact subset of €2(0), the operator V F'(w) is nonsingular.

Given the above assumptions, we can now prove the following statement.

Theorem 20 (Global Convergence of Algorithm 10). Let {wy} be generated by Algorithm 10 with
R = Exp and {0} C (0,1) be bounded away from zero and one. Let ¢ be Lipschitz continuous
on Q(0). If assumptions (C1)-(C3) hold, then {||F(wy)||} converges to zero; and for any limit point
w* = (¥, y*, 2%, s*) of {wy}, ©* is a Riemannian KKT point of problem (CRO).

Note that although the exponential map Exp is used in the theorem, the numerical experiments
indicate that global convergence may hold for a general retraction R. The proof of above theorem will be
given in the following three sections. We first discuss the two classes of auxiliary results in Section 6.5

and Section 6.5, and eventually gives the proofs in Section 6.7.

6.5 Auxiliary I: Continuity of Some Special Scalar Fields

Many functions in Euclidean setting have an obvious continuity that is important for convergence analysis.
However, the counterparts of those functions in Riemannian setting lacks a direct result of their continuity.

In this section we focus on this issue and record these results in Proposition 15 and Proposition 16.
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Let M be a Riemannian manifold. If we assign a linear operator A, : T, M — T, M to each point
x € M, then the map
z = [ A

is a well-defined scalar field! on M, and we should be aware that the operator norm ||-|| (see (2.1))
depends on z since the domain and codomain of A, depend on z. Let || - ||2, || - || be the spectral norm,
Frobenius norm of matrices, respectively. Notice that || - ||2 is l2 norm for vector argument and spectral

norm for matrix argument. Next lemma shows that the maps
z— || Azl and = — || A||r

are also well-defined scalar fields, where A, denotes the matrix representation of A, with respect to
arbitrary orthonormal basis of T, M. The term “well-defined”, here, means that the values ||flx ||l2 and

|| Az|| are invariant under a change of orthonormal basis.

Lemma 23 (Well-definedness of Two Special Scalar Fields). Let M be a d-dimensional Riemannian
manifold endowed with a metric (-, ). Let x € M and A, be a linear operator from and to T, M. Choose
a basis of T, M that is orthonormal with respect to the inner product (-, )., and let A, € R denote
the matrix representation of A, under the basis. Then, the values || A |2 and || A ||p are invariant under

a change of orthonormal basis;, moreover,
[Azll = |4z l2 < | Az [|F-

Proof. Suppose that there two orthonormal bases { F; }&_,, {E/}¢_, on T}, M. With respect to those bases,

let P € R4 denote the change-of-basis matrix, i.e.,
[Plij := (B}, Eg)a, for 1 < k,j <d.

It is known that P is an orthogonal matrix due to the orthonormal properties of { £;}¢_, and { E/}¢_,. Let
/lx, fl; € R%*4 denote the matrix representations of .4, with respect to the two bases, respectively. From
[9, 10.7, P298], we have fl; = P~1 A, P. Since P is orthogonal,

I = 1P~ AP = A

hold for the Frobenius norm, or the spectral norm. Therefore, the values ||.A,||2 and ||.A, || are invariant
under a change of orthonormal basis.

Now, choose an orthonormal basis {Ei}le on T, M. For any y € T, M, its vector representation
§ € R% is defined by y = E?=1 ;i E;. Thus, 3y — 4 establishes an isomorphism between 7, M and R¢.

Then we have A,y = A,3, i.e., A,y = Zle(Axg))iEi, see [9, 3.65, P85]; and from the property of
orthonormal basis (see [9, 6.25, P180]), we have

d d
i=1

i=1

'The term “scalar field” is equal to “real-valued functions”.
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Thus, || A.y|, = ||Az9|2 for any y € T, M. Finally, we obtain

Mol = sup  {IAwyll,} = sup {[[Auglle} = A2 (6.21)

yETM,|lyll»=1 JER?,19]l2=1
It is clear that ||.A||> < ||A.||F (see [59, Theorem 3.1.3]). O
From Lemma 23, we know that ||A,| = ||A.||2 holds for all z € M. Then z — |.A,||> and

z — || A.|| are the same function. Thus, the continuity of ||A, ||2 implies continuity of ||.A, ||. However,
we do not have clarity on the continuity of scalar fields z — [|A. |2 and/or 2 — | A.||F yet, since
continuity depends on how = +— A,. In our problem (CRO), we consider a special case of = — A,, that

is, x — Hess f(x). The following proposition illustrates the continuity of such an important case.

Proposition 15 (Continuity of Some Special Scalar Fields - I). Consider smooth function f in (CRO)
where M be a d-dimensional Riemannian manifold endowed with a metric (-, -). Let H;f\(:n) € S(d)
denote the matrix representation of Hess f(x) with respect to an arbitrary orthonormal basis of T, M.
Then, the map

x> |Hess f(2)]

is a well-defined continuous scalar field on M, for the Frobenius norm, or the spectral norm. Moreover,
x +— || Hess f(z)]]

is a well-defined continuous scalar field on M. The above results can be applied verbatim to the Hessian
of constraint functions {h; }2:1 Agi}it, in (CRO).

—

Proof. Lemma 23 shows that scalar field = — |[|[Hess f(x)|| is well-defined, it suffices to prove its

continuity. Recall Definition 18 of local frame in Section 2.8, for each £ € M there is a smooth

orthonormal local frame { £; }%_; on a open neighborhood U of #, namely, { E1(z), ..., E4(x)} forms an
orthonormal basis on 7, M for all = € U (see [127, Corollary 13.8]). Choose such a local frame {Ei}?zl
around Z, then the matrix representation of Hess f(x) with respect to { E1(z), ..., E4(z)} is given by,
forl <k,j<d,

[Hess f(x)]k; = (Hess f(2)[E;(2)], Ex(2)), = (Vi grad f)(), Bg(z))e-

The last equality comes form Definition 23 of Hess f(z). Now, from the smoothness of Riemannian metric
(-,-) (see (2.21)), it follows that 2 — Hess f(z) is a continuous function from & C M to S(d). Since
any matrix norm is continuous, ||Hess f(z)|| is continuous on ¢/ containing . Because the discussion

above hold for any # € M. We complete the proof. O

The proof of the next proposition is similar to that of Lemma 23 and Proposition 15. It gives the

continuity of another special class of scalar fields.

Proposition 16 (Continuity of Some Special Scalar Fields - II). Consider smooth functions h, g in (CRO)
and the linear operator H, and G, defined in (5.19). Then

x> ||[Hy| and x — ||Gs|]
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are well-defined continuous scalar fields on M.

Proof. We only prove the result for {h; }2‘:1’ because it can be applied verbatim to {g;}" ;. Recall that
H,: R! — T, M is given by

!
H,y:= Z yj grad hj(x).
j=1
Since scalar field = — ||#H,|| is well-defined for each z, it suffices to prove the continuity. The main idea
is the same as that of Lemma 23 and Proposition 15.
First we claim that | H,|| = ||| for each 2 € M, where H,, denotes the matrix representation of
H, with respect to an arbitrary orthonormal basis of 77, M and standard basis {e; }é':l of R!. It is easy to

see || Hay||2 = ||Hay|3 for all y € R'. Then we have

[Haoll = sup {[Hayll,} = sup {[[Hayll2} = [[Hallo-
YER! [lyll2=1 YER! [lyll2=1

Next, since for each € M there is a smooth, local orthonormal frame {E;}%_; on a neighborhood
U of z, we choose such a local frame {Ei}le around Z. The matrix representation of H, with respect to
{Ei(z)}{_, and {e;}\_, is H, € R¥ givenby, for 1 <k <d,1<j<I,

[(Halkj = (Haej, Ex()), = (grad hj(z), Ex(x)),, - (6.22)

Again, by the smoothness of Riemannian metric (-, -) (see (2.21)), it follows that = — H, is a continuous
function from 2/ C M to R%*!. Since any matrix norm is continuous, ||#||2 = ||| is continuous on

U containing Z. Because the discussion above hold for any € M, we complete the proof. O

We end this section with next proposition that shows the matrix representation of covariant derivative
of KKT Vector Field VF'(w) given in (5.20). The result of Proposition 17 is rather trivial, but we give the

proof for completeness.

Proposition 17 (Matrix Representation of Covariant Derivative of KKT Vector Field). Let M be a
d-dimensional Riemannian manifold endowed with a metric (-,-). Given any w = (z,y,z,5) € N =
M x REx R™ x R™, consider the linear operator VF(w): TyN — TN given in (5.20). Let { E;}%_,
be an orthonormal basis of T, M and {e; }ézl, {e;}™, be the standard bases of R\, R™, respectively
(should be clear in context). If we choose an orthonormal basis of TyN = TyM x RE x R™ x R™ (thus,
dim Ty N = d + 1 + 2m) in the form of

{(El’ 0’ Oa 0)};1:1 U {(OUC’ ej) 07 O)}é:l U {(Oxv 07 €, 0)};11 U {(017 07 Oa ei)}?; . (623)

Then the matrix representation of V F(w) is given by

Q B C 0

— BT 0 0 0

VE@ =1 0r o o 1|
0o 0 S Z
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i.e., a matrix of order (d + | + 2m) and, where

Q:=Qw):= Hess/x\ﬁ(w) € S(d) is given by [Qly; := (Hess, L(w) [E}], Ey), for 1 < k,j < d;

B := B(z) = [grad (), - - - , grad hy(x)] € R

C:=C(z)= [g@l (x),--- ,g@m(x)] € R¥>™: and the “hat” in B, C means corresponding
vector representation under the basis { E;}%_, of To M.

In this case, there is a continuous scalar field T : N' — R such that |Q(w)||r < T(w) for any w.
Moreover, © — ||B(x)||r and x — ||C(x)||r are continuous scalar fields on M.

—

Proof. The matrix representation V F'(w) under the basis (6.23) is obtained by a trivial process, so
we will omit its description. From (5.9), we have the linear dependence between the Hessian opera-
tors: Hess, £L(w) = Hess f(z) + 23':1 yjHess hj(z) + > ", z; Hess g;(x). By the linearity of matrix
representation (see [9, 3.36 & 3.38, P73]), we have

l

Q(w) = Hess/gc\ﬁ( )= Hessf —l—Zy]Hessh —i—ZzzHesng( )
J=1 =1

under the same basis {F; }¢_; of T, M. Thus,

1Q(w)l|g < | |[Hess f(x \|F+Z\%H\Hessh HF+lezH!Hessgz( ) | = T(w).

7j=1 =1

Note that ||Q(w)|| is invariant to under a change of orthonormal basis of 7;; M, by Lemma 23. From
Proposition 15, ||H/es;f(a:)||p, {HHessh (x )”F}J 1> {||Hessgl( )|[F}i, are all continuous function
with respect to variable x. It follows from the construct of 7'(w) that T" is continuous with respect to
w = (z,y,2,5) € N. As for || B(z) ||, since the basis {F;}2_, is orthonormal ([9, 6.25, P180]), we have

l
1B ()|? —anradh D)3 =" llgrad h;(x)||
j=1

which implies the continuity of || B(x)||r by discussion of (2.24). The same argument is valid for ||C(z)||r,
and we complete the proof. O

6.6 Auxiliary II: Boundedness of Sequences

In this section, we continue to show more auxiliary results that will eventually be used to prove the global
convergence theorem. This section contains only Proposition 18 and Lemma 24, both of which assume
that the sequence {||F'(wy)||} does not converge to zero, i.e., there exists € > 0 such that wy, € Q(e) for
all k. In the next section, when we prove the global convergence by contradiction, those auxiliary results

will be very useful.

Proposition 18 (Boundedness of Some Sequences). Let assumptions (C1)-(C3) hold and {wy} be a
sequence generated by Algorithm 10. If for some € > 0 and wy, € Q(¢) forallk = 0,1,2, ..., then
(a) the sequence {zk sk} and {(zk)i(sx)i},i = 1,2,...,m, are all bounded above and below away

from zero.
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(b) the sequence {zy} and {sy} are bounded above and component-wise bounded away from zero;
(c) the sequence {wy} is bounded;

(d) the sequence {||VF(wy)~Y|} is bounded;

(e) the sequence {Awy} is bounded.

Proof. (a) It follows from Lemma 22 that
0 < xe < xp(wr) < (2 51)* < mep(wy) < mego.

Thus, the sequence {z{ sy} is bounded above and below away from zero. (6.12) implies that {(zy)i(sk)i} ,

fori=1,2,...,m,is bounded above, since
(2)i(sk)i < | ZkSk1|l2 < 21 s
The centrality function (6.6) and condition (6.8) give
. 1 T
(zx)i(sk)i > min(ZpSkl) > iTl(Zk Sk/m).

Therefore, {(2x)i(sk)i}, fori =1,2,... m, are bounded below away from zero.
(b) The boundedness of {x)} implies that {||g(zx)||} is bounded above say, by Ms. Then we have

skl < llg(@r) + skl + [=g(zp)ll < /o + Ma,

which shows that {s;} is bounded above.

Since {(zx)i(sk):} are bounded away from zero and {s;} is bounded above, it follows that {z;} is
bounded away from zero. By contradiction, suppose that liminf z;, = 0, i.e., there is a subsequence
2, — 0. Since {s;} is bounded above, we have (z,)i(s,)i — 0, fori = 1,2,...,m, which is a
contradiction. Analogously, for the same argument, { sy} is bounded below away from zero, because { zy }
is bounded above by assumption (C2).

(c) Based on the previous result (b), it suffices to prove that {y;} is bounded. For a moment, the

iteration count k is omitted. Note that by (5.2),

l m
Z yjgrad hj(x) = grad, L(w) — grad f(z) — Z zi grad g;(z). (6.24)
j=1 i=1

By using the notations H, and G, defined by (5.19), we rewrite (6.24) as
Hpy = grad, L(w) — grad f(x) — Gzz =: b. (6.25)

By (C1), for all z, {grad hy (), - , grad hy(z)} is linearly independent. Thus, rank H, = dim R/, i.e.,

‘H. is injection. Then there exists the unique solution of H,y = b. From (6.25), we have

y = [(’H;Hw)_l Hi] (grad, L(w) — grad f(x) — G.2) . (6.26)
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Define C,,: TyM — R! by C; = (H;Hw)_l ‘H>. Under the orthonormal basis of 7, M and standard
basis {e;}'_, of R, if 71, is the matrix corresponding to H,, then C, = (HL#,)""HZ is the matrix
corresponding to C,, [9, 7.10, P208; 3.43, P75]. Using the same idea as the context of equation (6.20),
(6.21), we have ||C,|| = ||Cy||2 for any . Recall that in the proof of Proposition 16, (6.22) shows that for
each € M there is a neighborhood U/ of Z such that x — H,, is continuous over /. Then by function
composition, z — C, = (HLH,)'#Y is also continuous over . It shows that ||C,|| = ||Cy |2 is
continuous at each point z, hence, on M.

Finally, with Proposition 16 together, ||Cy ||, ||grad f(z)]|, ||Gz|| are all continuous on M. Because
{z1} is bounded, by (6.26) we have

[l < 11Ca |l (lgrad, L(wg)[| + [lgrad f(ze)|| + [|Gay ll 12:]) < e1 (Vipo + 2 + ez llzkl) 5

for some positive constants ¢y, ¢2, c3. Then {y } is bounded because {z} is bounded.

(d) For each wy, choose an arbitrary orthonormal basis of T, N If matrix Vm) corresponds
to VF(wy), then the inverse matrix Vm)_l corresponds to VF(wy)~!. By Lemma 23, we have
|VE(wp) ™t < va)leF’ where ||Vm)71|lp is independent to the orthonormal basis we
choose. Since sequence {||Vf(3k)_1 |lp} is well-defined, it is sufficient to show that { ||Vf(3k)_1 Ilr}
is bounded.

For convenience, we choose the orthonormal basis of T, N/ given in (6.23). Then, we have

Qr By Crp 0

— BF 0 0 o0
VF(wp)=| F
ct o o 1

0 0 Sy Z

(6.27)

By Proposition 17, there is a continuous scalar field T'(w) on N such that ||Q(w)||r < T(w); and
1B(2)|

r, ||C(z)||r are continuous on M. It follows from the boundedness of {zy}, {wy} that for all k,

1Qkllp = Qwr)llp < T(wr) < ca,
1Bllp = [[B(x)llp < cs,

1Ckllp = IC ) g < <o,

for some positive constants cy4, cs, Cg.

Note that whichever basis { F;}_, is used in the form of (6.23), the structure of matrix Vm) and
the properties of its submatrix blocks in (6.27) remain unchanged, e.g., symmetry of (y; full-rank of By;
identity matrix [ in third row; all zero matrices; diagonal matrices Sj, Z; etc. This ensures that we can
obtain the result by performing the appropriate decomposition of the matrix Vm) as in the proof of
Euclidean version. Up to this point, we have created all the conditions needed in the proof of Euclidean
version. Applying [28, Theorem 2, (c)] directly, we claim that {va)_l ||} is bounded.

(e) By (6.2), we have || Awg|| < [[VF(wr) Y| (|[F(we)|| + |orprél]) - We complete the proof. [
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Lemma 24 (Boundedness of the Sequences {ay}). Let assumptions (C1)-(C3) hold and {wy} be a
sequence generated by Algorithm 10. If for some ¢ > 0 and wy, € Q(¢) forallk = 0,1,2,..., {o}is

bounded away from zero, and py, is as in (6.1). Then, the sequence {ay} is bounded away from zero.

Proof. Since ay, = min{a}, ad!}, it is sufficient to show that {a!} and {a{!} are bounded away from
zero. Let us suppress the iteration subscript k. First we have the following observations. In the perturbed
Newton equation (6.2), we have ZAs + SAz = opl — ZS1, thatis, fori =1,2,--- ,m,

2iAS; + 8iAz; = op — 2;8;. (6.28)

Summing up the items from ¢ = 1 to m gives

Z (ziAs; + 5;Az) = 2T As + sT Az = opm — 21's. (6.29)

=1

Recall that z(«) = z + oAz and s(a) = s+ aAs. Let z;(«) and s;(a) denote their components, namely,
z(a) = z; + @Az, si(a) = s; + als;.

(Part 1) For result about o, see [73, Lemma 6.3], [67, Theorem 3.1]. The proofs in those references
apply verbatim to the Riemannian case. However, their proofs are not complete, because of the lack of a
strict interpretation for a! > o/, that will be shown later.

It follows from the definition of f I'in (6.6) that

fla) = miin {zi(a)si(a) — ﬂz(a)Ts(a)} .

Note that fori =1,2,--- ,m,

z(@)si(@) = T 2(0)s(a)

=z;8; + o (8; Az + z;As;) + a?Az;As; — 7m1 [z s+« ( TAz + ZTAS) + aQAzTAs]
=a? (Az,;Asi — EAZTAS> + 28 — %ZTS +a [siAzi + z;As; — % (STAZ + zTAs)}
<AzzAsl A TAs) + 2;8; — uz s+« [Up 2i8; — YT1Op + o sz]
m m
(by (6.28), (6.29))
=(1-a) (zzsz — ﬂz%’) +a(l —yrm)op + « (AzZAsl TAT As )
m m

>a(l —~ym)op — « ’AZ,ASZ AT As ‘
m

The last inequality above comes from the following result. For o € (0, 1] and z; > 0,9, z2 € R, one has

(1 — )z + axy + a’x3 > axy — Ckz‘l'g’, (6.30)
where in our cases, x| = 2;S; — %sz > min; {zisz e Ts} = f1(0) > 0. Hence, from the
boundedness of Aw, we have fori =1,2,--- ,m,

Y71 T 2 _.
zi(a)si(a) — —z(a)” s(a) > a(l —ym)op — a* My =: Y1 (),
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where 1)1 is a quadratic function and M is a constant such that

Az;As; — AT As <M, Vi=12,...,m.
m

It shows that the function )y is a lower bound of f! on a € (0,1]. Let &/ := %ap denote the nonzero

root of ¢ (a). Because v € (1/2,1), 0 € (0,1), and 7 € (0, 1] is a constant that does not depend on £,
and (6.1), we have

/o 1—71/2[)S (1 =7/2) |[Fw)l[/vm < [(1—71/2)%/\/@7
M,y M,y M,y

(0}

which imply that we can take a sufficiently large M; so that the nonzero root o is less than one, if
necessary. Thus, by definition of ol in (6.8), it follows that of > «'.
On the other hand, we know that

1—’)/7'1 1—7’1 1—7’1
I > > T‘
o M op > M op > <M1m>oz S

T

Since w € Q(e),e > 0, then 2" s is bounded away from zero. Moreover, {0} } is bounded away from

zero; then, o/ is bounded away from zero.
(Part 2) Now, we show that !/ is bounded away from zero. Recall that w(a) = Exp,, (e«Aw). Fix
« and let P., be the parallel transport along the geodesic c¢(t) = Exp,, (taAw). By the fundamental

theorem of calculus in the Riemannian case, we obtain
1
PO F(w(a)) =F(w) + / POV F (c(t))PL0aAwdt
0
1
=F(w) + aVF(w)Aw — aVF(w)Aw + / POV F (c(t))PL0aAwdt
0
1
=F(w) 4 a(opé — F(w)) + « / [PI7'VE (c(t))PL70 — VE(w)| Awdt (by (6.2))
0
1
=(1 - a)F(w) + acpé + « / POV (c(t))PL70 — VF(w)] Awdt.
0

Taking the norm on both sides above gives

[Pe1E (w(a))|

= ||[F(w(«))|| (since parallel transport is isometric)
1
<= o) [F(w)]|+aopll +a [ [PEVREOPE ~ VF@w)| [ Aw]dr
1
<(1-a)||[F(w)|| + aopy/m + a/ L||taAw]|| ||Aw|| dt (by Lipschitz continuity of V F')
0

=(1— ) ||F(w)]| —|—a0p\/ﬁ+§a2||AwH2. (6.31)
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From the above inequalities and definition of f T in (6.7), it follows that

71 (0) =2(a)7s(@) — vl F(w(a) |
=Ts+a (STAZ + 2T As) + a2 AT As — || F(w(a)) |
=2Ts+a (cpm — 2T's) + a?AzT As — || F(w(a))]| (by (6.29))
=1 —a)zls + aopm + o® Az As — v || F(w(a))||

>(1—a)zl's+ aopm + a2 Az As — yry [(1 —a) ||F(w)|| + acpy/m + §a2||Aw\2]
L
=(1—a) (zF's =y |F(w)|) + aop (m — ymay/m) + o <AZTA3 - ")/TQQHA’LUH2>

>aopy/m (Vm —472) —a®

L
AzTAs — '772§||AwH2

The last inequality also comes from (6.30), where x1 := 27's — y7o || F(w)|| = f!1(0) > 0. Again, from

the boundedness of Aw, we have

(@) > agpy/m (Vim — 1) — oMy =: ¢2(a),

where )9 is a quadratic function and My is a constant such that

L
AzTAs — 77'2§||AwH2 < Ms.

It shows that the function v is a lower bound of f/ on a € (0,1]. Let o :=

%jm)o p denote

the nonzero root of ¥ (). Similar to that of part (1), but note that constant 0 < 75 < y/m, we have

o < W(W—Tz/Q)pS [F (w)|l (Vm — 72/2) < o (Vm —12/2)
Mo Mo M,

which imply that we can take a sufficiently large M so that o’ < 1. Thus, by definition of a!! in (6.8), it
follows that /! > /. On the other hand,

w_ Nm(Vm =) Vim (Vim — ) Vm -
o = 7 2 op > T20p2 <\/77M22) ozl's.

Under the same reason as part (1), a!! is bounded away from zero. We complete the proof. 0

6.7 Proofs of Global Convergence Theorem 20

In the last two sections, we have completed the required auxiliary results. We are ready to give the proof

of the global convergence theorem.

Proof of Theorem 20. By Proposition 13, we know that {||F'(wg)||} is monotonically nonincreasing,

hence convergent. Assume that {||F'(wy)||} does not converge to zero. Then, there exists € > 0 such that
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{wg} C Q(e) for infinitely many k. We will show that the following two cases both lead to contradictions
and thus the hypothesis || F'(wg)|| - 0 is not valid.
(Case 1) For infinitely many k, if Step (3b) in Algorithm 10 is executed with o, = &y, it follows

from Proposition 13 that
P(wis1)/o(wy) < [L—2a8 (1 - op)].

Since {4 } is bounded away from zero by Lemma 24 and {0y} is bounded away from one, then {\} is
bounded away from one and hence, ¢ (wy) — 0; this is a contradiction.

(Case 2) On the other hand, for infinitely many k, if o, < &, we have that o, < 6. Then, condition
(6.3) fails for an &y, with ay, < ay, < /0 = 0*~'a;,. Notice that oy, /0 is the value corresponding to the
last failure. Recall that the derivative of the real-valued function a — ¢(a) := ¢ (Exp,,, (@Awy)) at
some value « is

¢'(a) = Dy (Exp,, (aAwy)) [DExp,, (aAwy) [Awg]] . (6.32)

Applying the mean value theorem to ¢(«) on interval [0, ay| yields a number £ € (0, 1) such that
ape’(§ay) = d(ar) — #(0). (6.33)
For short, let v := £a Awy. Hence,

a8 (grad o, Awg) <o(ay) — ¢(0) (since condition (6.3), i.e., (6.17), fails for ay)
=ay¢' (Ear) (by (6.33))
=a;, D (Exp,, (u)) [DExp,, (u) [Awy]] (by (6.32))
=ay, (grad p(Exp,, (u)), DExp,,, (u) [Awg]) . (by Definition 19)  (6.34)

On the other hand, note that

(grad ¢, Awg) = (grad pg, u) /Eay
= <DE;<pwk (u) [grad ¢x] , DE?{pwlC (u) [u]> /&ay. (by (4) of Proposition 4)
= (DExp,, (u) [grad @], DExp,,, (u) [Aw]) . (6.35)

Subtracting &y, (grad ¢y, Awy) from both sides of (6.34) and using equalities (6.35) gives

ak(B — 1) (grad i, Awy)
<ay, [(grad p(Exp,, (v)), DExp,, (v) [Awg]) — (grad g, Awy,)]
u) [grad ¢i] , DExp,, (u) [Awy])
u) [grad o] || | DExp,, (u) [Awy]||
=ay. ||grad ¢(y) — DExp,, (u) [grad @] || || DExp,, (u) [Aw]|| (by letting y := Exp,, (u))

—~

=ay, (grad p(Exp,, (u)) — DExp,,

—~

<y ||grad ¢(Exp,, (u)) — DExp,,

<agk ||u|| ||Awg|| (by Lipschitz continuity of ¢ and (5) of Proposition 4)

—kEas || Awg .
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Finally, we obtain
ar(B —1) (grad v, Awg) < mfdi HAwkHz )

Consequently,
(B — 1) (grad o, Awy) /(€ || Awg]|*) < dy. (6.36)

Because oy, satisfies condition (6.3) and (grad ¢y, Awy) < 0, then

d%(0) — pr(ar) > — axf (grad ¢, Awy,)
> — 0By, (grad g, Awy)
— 0 (grad g, Awg) (8 — 1) (grad or, Awy) /(1€ || Awy|?) (by (6.36))
>[08(1 — 8)/k¢] ({grad pr, Awg) / || Awg]])?
=w ((grad ¢r, Awy) / || Awgl]) ,

v

where w(+) is an F-function (see [149, Definition 14.2.1 & 14.2.2 in P479]). Since { ¢} is bounded below
and @ > k1, it follows that limy_, o (o — @k+1) = 0. By the definition of F-functions, we obtain

(grad ¢p, Awg) / || Awy|| — 0.

Since {||Awg]||} is bounded (see Proposition 18), we have (grad ¢, Awy) — 0. Choosing pj with
zLsp/m < pg < ||[F(wg)| //m implies that

(grad op, Awy) /(—2) =pr — orprzi sk (by Lemma 21)
> — o || F(wp) || 2 sk/v/m
>pr — oy, | F(w)|* (by (6.13)
>(1 — ok)pk-

This shows that p(wy) — 0, because {0y} is bounded away from one; this is a contradiction. We
complete the proof. O

6.8 Numerical Experiments

The numerical experiments compared the performance of the globally convergent RIPM (Algorithm 10)
with those of other Riemannian methods. Here, we will test two problems: Nonnegative Low-Rank Matrix
(NLRM) Approximation and Projection onto Nonnegative Stiefel Manifold, which were discussed in

Section 1.3.2. They involve three manifolds:
fixed-rank manifold ~ Fr(m,n,r) := {X € R™" :rank(X) =1},
Stiefel manifold  St(n, k) := {X e Rk xTX = Ik} ,

Oblique manifold Ob(n, k) := {X € R™** : each column of X has unit I norm} .
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We only consider their embedded geometry and we apply the default retractions in Manopt, e.g., the
retraction based on QR decomposition for the Stiefel manifold. Notice that although Fr(m, n, ) is not
complete, RIPM is still valid in practice. The numerical experiments were performed in Matlab R2022a
on a computer equipped with an Intel Core 17-10700 at 2.90GHz with 16GB of RAM. Our algorithms are
built in the framework of Manopt 7.0 [37], a Riemannian optimization toolbox on Matlab. The code is
freely available at https://github.com/GALVINLAI/RIPM.

6.8.1 Implementation Details
Parameters of Our RIPM

Our RIPM implementation (Algorithm 10) chooses the initial zg and s¢ from a uniform distribution in
[0,1] and sets yo to zero if y exists. In Step 1, p, = 2] s;/m and o} = min{0.5, | F(wg)||*/?}. If the
method is not specified in advance, we use the CR method to solve equation (5.32) and terminate it if the
relative residual is smaller than 10~ or the maximum number (1000) of iterates is reached. In Step 3,
instead of finding the exact values of a}%, t = 1,11, we use a backtracking line search simultaneously for
the central conditions and the sufficient decreasing condition. As a slight simplification (see [73]), we do
not enforce the second central condition. Here, we set vo = 0.9,vx1+1 = (7 + 0.5)/2; and § = 1074,
6 =0.5.

Experimental Setting

We compared our method with the following Riemannian methods [128, 148]:

* RALM [128]: Riemannian augmented Lagrangian method.

REPMq, [128]: Riemannian exact penalty method with smoothing function of linear-quadratic and

pseudo-Huber.

REPMj,. [128]: Riemannian exact penalty method with smoothing function of log-sum-exp.

RSQP [148]: Riemannian sequential quadratic programming method.
RIPM (Our method): Riemannian interior point method method (Algorithm 10).

Our experimental settings followed those of Obara et al. [148], where they used residuals based on
the KKT conditions (5.3)-(5.7) to measure the deviation of an iterate from the set of KKT points. The
KKT residual is defined by

m 1
lgrad, £(w)[|* + > {min (0, z;)* + max (0, gi(x))* + |zigi(x)|*} + > |hy(2)]* + Manvio(w),
i=1 Jj=1

where Manvio measures the violation of the manifold constraints. If M := {z : fJM M(x) =0,j =
1,...,p}, then

P
Manvio(z) := Z |fJMan(33)|-
j=1

Only for the fixed-rank manifold Fr(m,n,r), we define Manvio(X) := 0 if rank(X) = r and 400,
otherwise. For the parameters of RALM, REPMs and RSQP, we utilize the experimental setting and
Matlab codes provided by [148].
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To measure the stability and speed of the algorithms, we conducted 20 random trials of each problem
and model. In each trial, all the algorithms ran with the same initial point. The stopping criteria were based
on the KKT residual, maximum iteration, maximum time, and changes in parameters. Concretely, each
experiment terminated successfully if a solution with a KKT residual exy was found. For the first-order
algorithms (including RALM and the REPMy), if the spent time exceeded ¢y, seconds, or the outer
iteration number was over 1,000, or the algorithm did not update any parameters, we considered that the
algorithm had terminated unsuccessfully. For the second-order algorithms (including RSQP, RIPM), if
the spent time exceeded ¢,,,x seconds, or the iteration number was over 10,000, we considered that the
algorithm had terminated unsuccessfully.

Here, considering that some problems might not have converged easily, the maximum number of
iterations was chosen to be 1,000 (10,000), which was a sufficiently large value. The selection of £ax
related to the actual time it took to run all the codes on the computer. Setting ¢, too large resulted
in excessive time spent on poorly performing algorithms. On the other hand, ey was chosen to better
demonstrate that second-order algorithms could achieve more accurate solutions. Therefore, we chose the

appropriate values for ¢,,,x and exk; according to the problem that was to be solved.

6.8.2 Experiment I: Nonnegative Low-Rank Matrix Approximation
Problem Setting

The first experiment examines the problem of nonnegative low-rank matrix approximation in (NLRM). We
will consider three cases m = 20, 30, 40 and let n = 0.8m, r = 0.1m. For each (m,n, ), we randomly
generated nonnegative matrices L € R™*" and R € R"*" whose entries follow a uniform distribution
in [0,1]. The original nonnegative matrix A := LR is then obtained, and rank(A) = r with a very high
probability. In the same way, we can generate a random feasible initial point zo. Moreover, just like in
[182], we add Gaussian noise with zero mean and different standard deviation (o = 0,0.001, 0.01) to the
original A. When there is no noise (i.e., o = 0), the input data matrix A itself is exactly a solution.
Here, we set t,.x = 180 and e = 1078, The tables of this subsection report the success rate (Rate)
divided by the total number of trials, the average time in seconds (Time (s)), and the average iteration
number (Iter.) among the successful trials. Boldface highlights the best results under the combined
considerations of stability and speed; that is, for each setting, the Rate column shows in bold the success
rates that are > 0.95 and the Time column shows in bold the two (if any) fastest results among the

algorithms with success rates > 0.95.

Results and Analysis

The numerical results are shown in Table 6.1. RIPM performed the best. While the first-order algorithms
(including RALM and the REPMs) were as fast but less stable. The time spent by RALM and the REPMs
grew slowly with the problem size, but their success rates dropped sharply as the noise level (standard
deviation o) intensified, eventually leading to non-convergence.

In contrast, the convergence of the second-order algorithms (including RSQP, RIPM) was more stable,
with RIPM being much faster than RSQP. The cost of a single iteration of RSQP drastically increased

with the problem size. This is because RSQP requires solving a quadratic programming problem on the
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Table 6.1 Performance of various Riemannian methods on problem (NLRM).

(m,n,r) (20,16,2) (30,24,3) (40,32,4)

no noise Rate Time (s) Iter. | Rate Time (s) Iter. | Rate Time (s) Iter.
RALM 0.4 1.115 31 0.65 1.813 31 0.75 2.800 31
REPMgn 1 5.165x10~t 31 1 1.009 31 1 1.747 31
REPMj¢. 1 2.242 31 1 4.041 31 095 6.952 31
RSQP 09  6.429 7 09 3.944x10 8 0.9 1.254x10% 8
RIPM 1 4.920x10~t 19 1 2.247 27 1 5.277 32
(m,n,r) (20,16,2) (30,24,3) (40,32,4)

o =0.001 | Rate Time (s) Iter. | Rate Time (s) Iter. | Rate Time (s) Iter.
RALM 0.2 1.001 31 0.15 2.050 31 0.05 2.758 31
REPMjy, | 0.1  4983x107' 32 | 025 1.035 31 0.15 1.787 31
REPMj¢, 0.15 2.444 31 0.1  4.867 31 0.05 8.371 31
RSQP 0.95 6.619 7 095 3.848x10 8 0.9 1.299x10% 8
RIPM 1 5.376x10~t 20 1 2.342 27 1 4.631 29
(m,n,r) (20,16,2) (30,24,3) (40,32,4)

o =0.01 Rate Time (s) Iter. | Rate Time (s) Iter. | Rate Time (s) Iter.
RALM 0 - - 0 - - 0 - -
REPM;q, | O - - 0 - - 0 - -
REPMj, 0 - - 0 - - 0 - -
RSQP 1 7.295 8 095 4.114x10 8 0.95 1.430x10> 9
RIPM 1 5.980x10~t 21 0.95 1.883 25 | 095 4.602 29

tangent space of x, in each iteration. As with RIPM, there is no explicit matrix form available. RSQP
transforms it into a matrix representation form (similar to Step 1-6 in Algorithm 7) before using a quadratic
programming solver. Instead, our RIPM avoids the expensive computation of the matrix representation by
using the Krylov subspace methods. As can be seen from the table, RIPM takes the same amount (order
of magnitude) of time as RALM and the REPMs.

6.8.3 Experiment II: Projection onto Nonnegative Stiefel Manifold
Problem Setting

The second experiment examines the problem of projecting onto the nonnegative part of Stiefel manifold
in (Model_St), and its equivalent formulation (Model_Ob). Note that the former is a problem on Stiefel
manifold, while the latter is on Oblique manifold. We examine both models on different manifolds.

We will consider the cases of n = 40,50, 60,70 and let k& = 0.2n. For a general matrix C, it is
always difficult to seek nonnegative projections globally. Fortunately, [116, Proposition 1] showed a way
to construct matrix C' such that (Model_St) has a unique and known solution X *. First, we generate a

random feasible point B of (Model_St); then, we obtained C' by using the following Matlab code:
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X1=(B>0) .* (1+rand(n, k) ); Xstar =X1./sqgrt (sum(X1l.xX1));
L=rand(k, k); L=Ltkxeye(k); C=XstarxL'.

The initial point is computed by projecting C' onto the Stiefel manifold, that is obtained by
[U,~,V]l=svd(C,"econ’); X0=UxV'.

The same settings are applied to (Model_Ob), except for

p=1; V=ones(k,p); V=V/norm(V,"fro").

We set tmax = 600 and e = 1076 for both models (Model_St) and (Model_Ob). Since the
true solution is known, we added an Error column showing the average error || Xgna — X *||p. Here,
Xifinal denotes the final iterate point of a successful trial. As a full demonstration, in the second model
(Model_Ob), we also tested RIPM by using the matrix representation method (Algorithm 7) to solve the
Newton equation; this is denoted as RIPM_RepMat.

The tables of this subsection report the success rate (Rate) divided by the total number of trials, the
average time in seconds (Time (s)), and the average iteration number (Iter.) among the successful trials.
Boldface highlights the best results under the combined considerations of stability and speed; that is, for
each setting, the Rate column shows in bold the success rates that are > 0.95 and the Time column shows

in bold the two (if any) fastest results among the algorithms with success rates > 0.95.

Results and Analysis

The numerical results are listed in Table 6.2 and 6.3. The Error columns show that if the KKT residual is
sufficiently small, then Xy, does approximate the true solution. In particular, the second-order algorithms
(including RSQP, RIPM) yield a more accurate solution (the error is less than 10~7). From Table 6.2,
we can see that RALM is stable and fast for (Model_St). However, from Table 6.3, RALM’s success
rate of convergence for (Model_Ob) decreases as the problem size becomes larger. The REPMs do not
work at all on either model. RSQP also does not perform well on both models. RIPM_RepMat and
RIPM successfully solved all instances of both models, though the time taken by RIPM_RepMat grew

explosively. Overall, RIPM using the iterative method was fast and the most stable.

6.9 Summary

In the previous chapter, under standard assumptions, we established the local convergence of the Rieman-
nian Interior Point Method (RIPM). This chapter continues to investigate and proves the global conver-
gence of the RIPM when combined with classical linear search and the merit function p(w) = || F(w)||?.

Numerical experiments demonstrate the stability and efficiency of our method.
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Table 6.2 Performance of various Riemannian methods on (Model_St).

(n, k) (40,8) (50,10)

Rate Time (s) Iter. Error Rate Time (s) Iter. Error
RALM 1 2.347 45  541x1077 | 1 4.344 54 5.21x1077
REPMjq, | O - - - 0 - - -
REPMj,. | O - - - 0 - - -
RSQP 0.9 1.352x10 7 2.05x107% | 0.7  3.097x10 6 2.47x107°
RIPM 1 2.225 31 3.72x1078 | 1 3.785 32 3.38x1078
(n, k) (60,12) (70,14)

Rate Time (s) Iter. Error Rate Time (s) Iter. Error
RALM 1 4.097 34 493x1077 | 1 6.234 37 5.34x10°7
REPMjq, | O - - - 0 - - -
REPMj,. | O - - - 0 - - -
RSQP 0.65 7.802x10 7 6.48x107% | 0.85 1.661x10% 7 2.64x107°
RIPM 1 5.555 32 281x107% |1 7.574 33 245x1078

Table 6.3 Performance of various Riemannian methods on (Model_Ob).

(n, k) (40,8) (50,10)

Rate Time (s) Iter. Error Rate Time (s) Iter. Error
RALM 1 2.510 51 5.04x1077 | 0.95 4.727 64  4.94x1077
REPMg, 0 - - - 0 - - -
REPM¢. 0 - - - 0 - - -
RSQP 0.65 8.618 5 230x10710 | 0.7 2.782x10 6 1.12x10710
RIPM 1 3.791 22 5.62x1077 |1 5.880 23 7.93x107°
RIPM_RepMat | 1 1.954x10 31  434x107% |1 4718x10 32 3.56x1078

(n, k) (60,12) (70,14)

Rate Time (s) Iter. Error Rate Time (s) Iter. Error
RALM 0.6  5.725 49  3.82x1077 | 0.6  8.223 52 3.85x1077
REPM,g, 0 - - - 0 - - -
REPMj, 0 - - - 0 - - -
RSQP 0.7 4.446x10 5 1.17x107% | 0.5  9.138x10 5 1.82x107°
RIPM 1 7.134 23 9.69x1077 |1 9.268 24 1.06x10~8

RIPM_RepMat | 1 1.018x10%2 32 3.20x107% |1 1.861x10% 33 2.75x1078
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Chapter 7

Several Theoretical Results for
Quasi-Newton RIPM

Part Section

Part 1. Preparation work 7.1 Quasi-Newton RIPM

7.2 Local and Linear Convergence of Quasi-Newton RIPM
7.3 Local and Superlinear Convergence of Quasi-Newton RIPM

Part 3. Proofs 7.4 Collection of Proofs

Part 2. Theoretical results

In this chapter, we study the several theoretical results about local convergence of quasi-Newton
Riemannian Interior Point Methods (RIPM). The quasi-Newton RIPM can approximate the Hessian of
Lagrangian in (5.9) with gradient information while ensuring its local convergence. First of all, Section
7.1 introduces the classical quasi-Newton method and then quasi-Newton RIPM algorithm. In Section 7.2,
we state a sufficient condition, called bounded deterioration property, for the locally linear convergence
of quasi-Newton RIPM. In Section 7.3, we establish the locally superlinear convergence of quasi-Newton
RIPM by using an analogous Dennis Moré condition. For convenience, we have put the technical proofs all
together in Section 7.4. However, there is still a great deal of work to be done to refine the quasi-Newton

RIPM. As the last chapter of this thesis, we only give some constructive results.

7.1 Quasi-Newton RIPM

In classical Euclidean optimization, the interior point method is a typical “second-order” optimization
algorithm because it requires computing the Hessian matrices at the current point at every iteration, i.e.,
it requires obtaining the second-order information of the functions based on that point (note that it is
necessary to reacquire it at every iteration). In the case of simple problems such as linear programming and
quadratic programming, where the objective and constraint functions are linear or quadratic, computing
their Hessian matrices is trivial. However, for general nonconvex nonlinear objective and constraint
functions in (CEO), there are also some difficulties in obtaining their Hessian matrices, as follows:

1. General nonconvex nonlinear functions are too complex (e.g., training of deep neural networks),

so their Hessian matrices may be intractable, or it is mathematically difficult to find their closed



140 Chapter 7. Several Theoretical Results for Quasi-Newton RIPM

form. In addition, In addition, if the user has to manually provide the solver with second-order
information about the optimization problem, it raises the bar for the user, which is not conducive to
the popularization of the algorithm.
2. Even if the Hessian matrix has closed from, the computational cost is unacceptable in practice. This
will cause it to be a bottleneck in the practice of interior point method.
To overcome the above issues, the interior point method in the Euclidean setting borrows the idea of
quasi-Newton methods — approximating Hessian matrices using gradients, i.e., using only first-order
information. This greatly reduces the computational effort. Below we briefly review the whole process of

quasi-Newton method for unconstrained minimization in the Euclidean setting, see Algorithm 11.

Algorithm 11: Quasi-Newton Method for (UEO)
Input: An objective function f defined on R", an initial point y € R", and an initial Hessian

approximation Hy € R™*".
Output: Sequence {x;} C R™ that converges to the minimizer of f.
Setk — 0;
while stopping criterion not satisfied do
1. Compute the gradient egrad f(zx) € R™;
2. Compute the quasi-Newton direction by solving linear equation Hydy = — egrad f(xy);
3. Compute a step size tp, > 0 ;
4. Compute the next point as xy41 := xg + trdg;
5. Compute Hy 1 using an update formula (e.g., BFGS update);
6.k—k+1;

end

In Step 5 above, different update rules exist for Hi;. The most popular one is called Broyden-
Fletcher-Goldfarb-Shanno (BFGS) update, as described below:

yy?  Hypss' Hy,

H =H —
A L yT's sTHys

where

§=Tpy1 — Tk, Y = egrad f(zp41) — egrad f(wzy).

There are also DFP, SR1, Broyden (family), etc., see [59, 119, 147] for details. Regardless of which update
formula is used, as long as Hj, € R™*" satisfies certain conditions (i.e., expressing how Hj, approximates
the original Hessian H¢(2) € R™*") then Algorithm 11 will have the same locally convergence as the
standard Newton method. Using the same idea, in the interior point method we can also construct Hessians
using gradients. Specifically, i.e., the matrix H (wy) in (5.22) (in fact, this is the only place in the interior
point method where second-order information is needed) is replaced by an approximation matrix Gy,; all
others remain the same. This is the quasi-Newton RIPM in Euclidean setting and can be found in papers
[134, 208, 205].

Next, it is natural to apply on this thought to Riemannian setting. Let us consider the prototype
Algorithm 6 of RIPM. We define an approximate operator of VF(wy): T, N — Ty, N, denoted by
By: Ty N — T, N, by replacing Hess, L£(wy,) in the first row of (5.17) with some Gy, : T, M —
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T, M and keeping everything else the same:

GrAx + Zgzl Ayjgrad hj(xy) + Y i, Az grad gi(xy)
(grad hj(zy), Az),forj =1,2,...,1

(grad g;(x), Azx) + As;, fori =1,2,...,m

ZrAs 4+ SpAz

BrAw := 7.1

for all Aw = (Az, Ay, As, Az) € T,,, N. Now, we obtain quasi-Newton RIPM by replacing (5.28) in
Algorithm 6 with ByAwy, = —F(wy) + pxé. For the sake of completeness, we formulate the algorithm

as follows, where the simple step scheme (5.29) is chosen.

Algorithm 12: Prototype Algorithm of Quasi-Newton RIPM for (CRO)
Input: A problem of (CRO), an initial point wy = (zo, Y0, 20, So) € N with (20, s9) > 0 and a

retraction R on M.
Output: Sequence {xy} C M.
Setk —0,up>0,0<9<1;

while stopping criterion not satisfied do
1. Solve the perturbed Newton equation (a linear operator equation on tangent space 1, N):

BrAwy = —F(wy) + pgé (7.2)

to obtain Awy, = (Azk, Ay, Azg, Asg) € Ty N
2. Choose 4 < v < 1 and compute the step size:

o = min{l,fyk miin{—(fzii)i | (Asp)s < 0} Ve miin{—((:zii)i | (Azp);i < o}}.

3. Compute the next point as wx11 = (Tk11, Yk+1, 2k+1, Sk+1) = Rap, (QpAwy);

4. Choose 0 < pr+1 < pfg;
50k—k+1;

end

The operator G, should of course be properly chosen to approximate the original Hessian operator
Hess, L£(wy). In following sections, we will describe the properties that characterize G, such that we can
obtain the same local convergence as Algorithm 6. To distinguish, we will refer to Algorithm 6 as the
Newton RIPM.

7.2 Local and Linear Convergence of Quasi-Newton RIPM

In this section, we will show local and linear convergence of quasi-Newton RIPM. Throughout this chapter,
let M be a Riemannian manifold endowed with an isometric vector transport T' and an associated retraction

R. Let w* = (z*,y*, z*, s*) be a solution point of (CRO) and the current point wyx = (zk, Yk, 2k, Sk)
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sufficiently close to w*. We define
G =R (o) G o=y — ¥ G = 2 — 2, G = sk — 8T,
then, by (2.43) we have
wi = R (Ge) = (Ra (C§) 4" + ¢k, 2" + G s™ + GR)

where (. := ((}}, C;g, (¢, ¢;) € Tw+=N. The following lemma is an auxiliary result for Theorem 21 and is

a generalization of [208, Lemma 7].

Lemma 25. Consider the Algorithm 12 for solving problem (CRO). Suppose that (Al)-(A4) hold at some
w* and Algorithm 12 generates the sequence {wy}. If there exist positive constants e, 6 such that for all

wy, and linear operators Gy, : Ty, M — T, M satisfying

d(wy,, w*) < ¢, and HGk — Tz Hess, L) T <6, (7.3)
where (F = R} (vg) € Tyx M, then the following hold:
(i) there exist positive constants c1, ca such that for all k > 0,
| B = T, VF () TG | < Vo7 + 501z + cae,

where (i = R} (wy,) € Ty N
(ii) there exists a positive constant ® such that for all k > 0, By, is nonsingular and HBk_l | < ®;

(iii) furthermore, if we choose the parameter y, such that py, = O(|| F(wg)||), we have

1—ap < (1 =)+ OF (wk)) + O(pk). (7.4)

The bounded deterioration property [39, Theorem 3.2] is a well-known sufficient condition for the
general local convergence of quasi-Newton methods. It covers most of the quasi-Newton update formulas,
such as BFGS. The next theorem shows the local convergence property of our quasi-Newton RIPM. We
require the sequence of linear operators {G } on T}, M to satisfy an analogous bounded deterioration

property. Theorem 21 is a generalization of [208, Theorem 2] to a Riemannian manifold.

Theorem 21 (Local and Linear Convergence of Quasi-Newton RIPM). Consider the Algorithm 12 for
solving problem (CRO) and choose the parameter i, such that ji, = O(||F (wy,)||*T7) for some positive
constant T. Let (Al)-(A4) hold at some w*. Suppose further that the sequence of linear operators {Gy}
with Gy : Ty, M — T, M satisfies the bounded deterioration property:

HGkH — Te¢r, Hessg E(w*)TE}il

< (1+ Byok) HGk — T¢p Hess, E(w*)T&;

20k, (7.5)

where (¥ = R (1), B1 and B2 are some positive constants, and o, := max{d(wy, w*), d(wgy1,w*)}.



Section 7.3 Local and Superlinear Convergence of Quasi-Newton RIPM 143

Then for Algorithm 12 and any v € (1 — 7, 1), there exist positive constants € = £(v) and § = 0(v)
such that, for all wy € N and initial operator G with

1
d(wp,w*) < e, and HGO — T¢r Hess, L(w™)T < 55,

—1
&
the sequence {wy,} is well-defined and converges to w*. Furthermore, for each k > 0, we have

d(wk+17 w*)

(w0 < v, and HGk — T¢p Hessy L(w*)T5

Ck

<. (7.6)

7.3 Local and Superlinear Convergence of Quasi-Newton RIPM

The well-known Dennis Moré condition [58, Theorem 2.2] has a very important place in the analyses of
quasi-Newton methods in the Euclidean setting. It is a necessary and sufficient condition for superlinear
convergence of the quasi-Newton method. This condition encompasses a large category of well-known
update formulas, such as BFGS, DFP. Gallivan et al. [81] have generalized it to the Riemannian quasi-
Newton methods. In this section, we give an analogous Dennis Moré condition for our quasi-Newton
RIPM in Theorem 22 and establish its superlinear convergence in Theorem 23. On the basis of the

previous section, we assume that a well-defined sequence {wy } converges linearly to w*.

Theorem 22 (Dennis Moré Condition for Quasi-Newton RIPM). Consider the Algorithm 12 for solving
problem (CRO). Suppose that (Al)-(A4) hold at some w*; the sequence {wy} generated by Algorithm 12

converges linearly to w*; and the sequence {|| B, *||} is bounded. Choose the parameters juy,, yy, such that
pe = o(|| F'(wr)[[) and v — 1. (1.7)

Then, the following are equivalent:

(a) the sequence of linear operators { B} satisfies

H (Bk — T VF (w*) Tg;) Awk‘

‘ =0, (7.8)

y
el [ Aw]

where (j, = R;} (wg) € Ty N;
(b) the sequence {F(wy,)} satisfies

‘ HT;,VIAWF(@UHOH
lim =

k—o00 HakAwkH

(c) the sequence {F(wy)} satisfies
I (wr)|
lim —————

=0:
k—o0 ”AwkH ’

(d) the sequence {wy} converges superlinearly to w*, i.e.,

lim d(wg 41, w)
k—oo  d(wg,w*)

=0.



144 Chapter 7. Several Theoretical Results for Quasi-Newton RIPM

For the superlinear convergence, (a) of Theorem 22 requires the property for { By }. However, next

theorem can guarantee the convergence by a direct requirement for { Gy, }. Please compare (7.8) and (7.9).

Theorem 23 (Superlinear Convergence of Quasi-Newton RIPM). Consider the Algorithm 12 for solving
problem (CRO). Suppose that (Al)-(A4) hold at some w*. Choose the parameters iy, Vi such that
pi = o(||F(wg)l||) and v, — 1. If the sequence of linear operators {Gy.} with Gy, : Ty, M — T, M
satisfies the bounded deterioration property (7.5) and

H (Gk — T¢z Hess, E(w*)Tg]g;) Aka

li =0 7.9
i 1Az ’ 79)
where (i = R;} (), then the sequence {wy} generated by Algorithm 12 converges locally and

superlinearly to w*.

7.4 Collection of Proofs

7.4.1 Proof of Lemma 25

Proof. (i) Take any Aw = (Az, Ay, As, Az) € T, N. First, we compute
(Br = Ta. VF (w) T ) Aw.

Using the vector transport on the product manifold Tgk in (2.45), its inverse Tgkl in (2.46), and VF (w*)
in (5.17), we obtain that T¢, VF (w) T&lAw is equal to

T Hess, L(w*) T A + 325 (Ay); Tep grad hy(a®) + Y7 (A2)iTeg grad gi(a”)
(grad hj(z*), TC_IQC:IA:J,"}, forj=1,2,...,1
(grad g;(z*), TE};A@ + (As);, fori=1,2,...,m

Z*As + S*Az
(7.10)

Then, subtracting (7.10) from B, Aw in (7.1) yields (Bk — T¢, VF (w*) Tg) Aw, which is equal to

(Gk — T¢p Hess, ﬁ(w*)TEI;) Az + Zézl(Ay)j [grad hj(xg) — T¢p grad hj(z*)]

+ ik, (Az)ilgrad gi(zy) — Ter grad gi(z*)]
(grad hj(zy), Ax) — (grad hj(:c*),TéT;;A@, forj=1,2,...,1 . (7.11)
(grad g;(xy), Ax) — (grad g;(x*), TE;;A:U), fori=1,2,....,m
(Zr — Z*)As + (S, — S*)Az

Consider hj, for j = 1,2,...,l. By the isometry of vector transport T, we get
(grad hj(z"), TE,”;A:C) = <(Tglg§1)* grad hj(z*), Az) = (T¢r grad hj(z”), Az).

Hence, the second row of (7.11) can be simplified as (grad h;(xx) — T¢r grad hj(z*), Az). In the same
way, consider g;, fori = 1,...,m, the third row of (7.11) is equal to (grad g;(vx) — T¢z grad gi(z*), Az).
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For simplification, we introduce the following notations:

0j :=grad h; (zx) — T¢r grad by (z%), forj =1,2,...,1,
Ai i=grad g; (rg) — T¢p grod g; (z%), fori=1,2,...,m,
a1 = (Gk - TC;f Hessx E(w*)TE;:1> Az.

Then, (7.11) reduces to

ap + Zé’:1(Ay)j9j + D0 (Az)iN;
(05, Ax),forj =1,2,...,1

By, — To,VF (w') Tg!) Aw = 7.12
( g Ck (W)Te, (N, Az), fori =1,2,...,m (7.12)
(Zx — Z*)As + (S, — S*)Az
Note that, smoothness and Lipschitz continuity of {h;}, {g;} at 2* (see Definition 29) imply that
16511 < wIGEN for j = 1,2, and A < £ GE] fori =1,2,...,m.  (1.13)

Without loss of generality, we can take a single constant ~ for each h;, g; above. Again, we introduce the
following notations: « := v +ae, and ag := Zgzl(Ay)jﬁj—i—Zﬁl(Az)iAi, Bj == (0;, Az) for B € R,
vi = (N, Az) fory € R™, 0 := §; + J € R™, and 6, := (Zy — Z*) As, and o := (S — S*) Az.
These notations give [|(Bx — T¢, VF (w*) TgH)Awl® = [lallz, + 1817 + 171> + |18

Now, let us examine each term on the right-hand side of the equation above. First, we assert that

l l
1817 = 1465, Az)* <Y~ (11651 | Az]])® (by the Cauchy-Schwarz inequality)
j J
<Is? || GEIP | A by (7.13))

1
<Ik*— d*(wy, w*) | Aw||* (by (iv) of Lemma 6, (2.41) and (2.42))
@

=O(d*(wy,, w*)) | Awl]?. (7.14)
In a similar manner, we obtain ||7]|2 = O(d2(wg, w*)) ||Aw||* . Next, for ||§]|2 we see that

101]] =1|(Zx — Z7) As|| < || Zk, — Z7||¢ || As]| (by the properties of the Frobenius norm)
= ||z — 2%|| ||As]|| (since Zy, Z* are diagonal matrices)

<d(wy, w*) ||Aw| (by (2.41) and (2.42)).
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Similarly, ||| < d(wy, w*) | Aw]|. Thus, ||6]|2 = O(d2(wy, w*)) ||Aw||* . To deal with ||a|2, we note

that [|a[* = [lar + az|* < (eal| + [|a2[)? = [laa ][ + [|a2]* + 2[la1|[[|az]|. Next, consider
l m l m
ezl =11 D> (Aw)i0; + > (Az)idill < Y1 (A); L6011+ D 1(Az)] Al

l m
<G 1A |+ &I 1(A2);] (by (7.13)
7 7

=k || || (|Ayll; + [|Az]];) (by the definition of the /; norm)

<k ||CF|| [V1||Ay| + v/m || Az|] (from the relationship of the /1 and I norms)

<k (G VI Aw] + vim || Awl]] (by 2.41))

<k max{V1,v/m} ||¢§|| || Aw|

<k max{V1, vm}d(zy,z*) || Aw| /ag (by (iv) of Lemma 6)

<k max{V1, vm}d(wy, w*) | Aw| /ao (by (2.42))

=0(d(wg, w")) | Aw]. (7.15)

Finally, combining the results from (7.12) to (7.15), we conclude that
- _— 2
H (Bk ~ T VF (w') T, ) AwH
2
- 2
< H (G — T Hess, £ (w*) T Aa:H + O(d(wy,, w)) || Aw|

+ O(d(wg, w™)) ||Aw|| H (Gk — T¢z Hess, £ (w") T&;) AxH . (7.16)
Define operators
S:= B — T, VF (w) T, T := G), — T¢r Hess, £ (w”) ngl.

Now, take Aw = (Az, Ay, As, Az) € Tp,, N such that || Aw| = 1. From (7.3), we have d(wy, w*) < €;
thus, inequality (7.16) becomes

|SAw|? < |TAz|? + || TAz||cie + coe (7.17)

for some constant ¢q, co > 0. Consider Az, which is a component of Aw of the unit norm; (2.41) implies
|Az|| < ||Awl|| = 1. Thus, we have

|TAz| < sup{|TAz|| | ||Az| < 1,Az € T,, M} (since || Az| < 1)
= ||T'|| (by the definition of operator norm)
< 4 (by assumption (7.3)). (7.18)

Finally, we have [|S|| = sup{||SAw] | |[Aw|| = 1,Aw € T,,,N'} < V/§? + dcie + cae. Thus, this

proves assertion (i).
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(ii) Since T is isometric, ||(T¢, VF (w*) T, 7| = |Tg, VF (w*) "' T M = [VF (w*) ™! . By

choosing € and ¢ such that
V62 + dcie + coe|VE (w*)7H | < 1,
we have
[(T¢, VE (w*) T;j)_lﬂﬂBk —T¢, VF (w*) T;:H < V2 + dcie + cpe||VF (w*)_1 | <1,
and it follows from the Banach’s Lemma 13 that By, is nonsingular and

IVF(w*)~!|
1 — /82 + dc1e + cag||[VE (w) 1|

for some constant ®. This proves assertion (ii).

B Y <®:= (7.19)

(iii) Since By is nonsingular, Awy, is well-defined and by (7.19)we have
[Awg]| = [|By (=F (wy) + )| < [|By HIF (wr )| + prlle]]) = O(F (wy)) + O(uy).  (7.20)

To prove (7.4), we note that if € and ¢ are sufficiently small, then from the parameter condition pj, =
O (|| F (wy)||) and inequality (7.20), the assumptions (5.42) of Lemmas 20 are satisfied. By (5.43), we
have

0<1—ap <(1—7)+Q[Awgl = (1 =) + O(F (wk)) + O (k).

This proves assertion (iii). ]
7.4.2 Proof of Theorem 21
Proof. By mathematical induction, we will prove that if for: = 0,1,2,...,k,

d(w;,w*) < e, and HGZ — Tz Hess, £(w*)T <. (721)

-1
¢
Then,

d(wiy1, w*) < vd(wg, w*) < e, and HGkH — TC,ZH Hess,, E(w*)T_1 <4, (7.22)

C135-5-1

Condition (7.21) clearly holds when k = 0. If € and § are sufficiently small, it follows from (ii) of
Lemma 25 that By, is nonsingular and || B, '|| < ® with a positive constant. From the linear system (7.2),
we have

Awy, = Byt (—=F(wg) + pxé) - (7.23)

Noting that w* = Ry, (£x) where &, = R{Ui (w*), wgr1 = Ruy, (sAwy), and (ii) of Lemma 6, we
obtain
d(wkﬂ,w*) < a HakAwk — ka = CLluakBk_l (—F(wk) + ,uké) — ng (724)
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Letr = By ' (—F(wy) + pugé) — &. By T;jF(w*) =0and ¢ := R}, (w™'), we have
—(ox = 1) & + e By e By (Br = T VF (w) TG ) Te, VF (w”) ™ T F (wy)
+ T, VF (w) 7 T (T;}F (w*) — F(wg) — Te, VF (w*) Tgklgk> .
Let 6 and 65 respectively denote the last two terms of the above equality, i.e.,
01 == ay,B; ! (Bk — T, VF (w") Tgkl) Te, VF (w*) ™ T F(wy),
by == o T, VF (w") ™ T, (T;}F (w*) — F(wg) — Te, VF (w*) Tgklik) .
Then, by (i) of Lemma 25,

1611 < cxll B | Br = T, VF () T3 | || e, VE (@) T 17 )|

< /02 + bc1e + coe |VF(w*) U ||| F(wy)| (since T is isometric)
= V62 + dc1e + c2e0(d(wy, w*)) (by Lemma 7), (7.26)

and by (ii) of Lemma 12,

162]] < v HTCkVF( T, H HT UF (w*) — F(wy,) — T, VF (w*)Tajng
< 3| VF (w*) 7 || €xl| d(uwr, w*)
= O(d?(wg, w*)) (by (iv) of Lemma 6). (7.27)

Since d(wgy1, w*) < aq ||r|| by (7.24), it follows from (7.25) to (7.27) and (iii) of Lemma 25 that

d(wpy1,w*) < ar(1 — ap) 1€ + O(ur) + O(d* (wi, w*)) + /8% + dere + c260(d(wy,, w
< [(1 =) + O(F(wg)) + O ()] *d(wkz’ w*)
+ O (k) + O(d? (wy, w +\/mo d(wy,, w
S%G—WWWﬂﬂ+WWWM+OWMWﬂWMW
+ O () + O(d? (w, w*)) + /62 + bere + c2e0(d(wy,, w
< (1= A)d(uw?) +¢ﬁﬁa;aw d(wp, w +wwﬂmw%w»

14¢ .
= { + Z3(1 - "AY) + M1 vV 52 + (5016 + co€ + Mgémln(l’T)} d(wk, w*),

1—¢

where ag = 1 — £,a1 = 1 + & for any € > 0 by (i) of Lemma 6, M; and M5 are constants. Let

1+¢ .
¢(§7€)5) = { +F:(1 — ’A)’) + Ml\/m—l— M2€m1n(1,7—)} .

1—¢

Then,
P(E,e,0)=1—-9 <.

11m
=0t ,e—=01,0—0t
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By choosing &, e, and ¢ such that ¢)(¢, e,0) < v, we obtain d(wky1, w*) < vd(wg, w*) < e.
The second part of the induction uses the same technique as in [39, Theorem 3.2]. For i =
0,1,2,....k,

HGiJrl - Tciw+1 Hessx E(w*)szl

41

- HGl — T¢r Hess, L(w*)ngﬂl

<5 HGz — T¢z Hess, L(w*)T

¢
< (816 + B2) 0 (by (7.21))
< (B16 + Bo) v'e.

0; + P20 (by (7.5))

By summing both sides from ¢ = 0 to ¢ = k, we obtain

HGkH — TC:?H Hess,, L’(w*)T&il < HGO — T¢z Hess, .C(w*)TEgl + W
By choosing € and ¢ such that % < %5, we obtain
HGkH — T¢z, , Hess, E(w*)TC_;;+1 <.
The proof is complete. O

7.4.3 Proof of Theorem 22

Proof. Let us show an auxiliary result:
[1E (wr) || = O(| Awg])-

This comes from that the sequence {wy} converges linearly to the solution w*. Note that linear conver-

gence implies, for some v € (0, 1),
d(wg, w*) < d(wg, wg1) + d(wpr1, w*) < d(wg, wrr1) + vd(wg, w*).
Thus, we have

d(wg, w*) < 1
d(wg, wpy1) ~ 1—v

Since wyt1 = Ry, (g Awy), by (iii) of Lemma 6 we have d(wg, wi4+1) < a1 ||arAwg||. By Lemma 7,
|F(wg)|| < aszd(wg,w™). Finally, we see that

| F Qi) _ oxar||[E(wg)|| _ akarazd(wy, w”) _ aras

= < < : (7.28)
[Awg]| a1 [JokAwg]] d(wp; wyt1) 1—v

and that || F'(wg)[| = O(||Awg])).
Next, we show that
ap — 1. (7.29)
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Since we have assumed that {|| B, !||} is bounded above, we have

[Awg|| = || By ' (—F (wy) + pré)|| (by (7.2))
< 1B I (wi) | + pellél]) = O(F(w)) + O(pi) = O(F (wy)) (by (7.7) for py,), (7.30)

and (7.30) together with w; — w* implies that the conditions of Lemmas 20 are satisfied,
0<1—ar<(1—)+QAw| = (1 =) + O(F(wg)).

Thus, v — 1 implies o, — 1.
(a < b). Let (a) hold. By ByAwy, = ugé — F(wy), we have

T, awy Fwiia) = To ! ay Fwin) — Fwg) = T, VF (w*) T ag Awy 231

— (Bk — TCkVF (w*) T&l apAwg + (1 — ag) F(wg) + agpgé,

where ¢, = R} (wy). Thus, by Lemma 12, we see that

HTakAka(wk+1)H
< [Tt Flwrss) = Flun) = T VF (") T, oAy
+||(Be = TaVF (w) T} ) arug | + (1 = an) [P (wn)| + e ]

< c3 [|ag Awg || max{d(wg, w*), d(wg+1, w*)} + H (Bk — T, VF (w*) Taﬂl) akAwkH

+ (1= ap) [[F(wi)l| + arpn [|]l

and by dividing both sides by ||axAwy||, we get

HTakAka(wk-l-l) H
(| o Awg ||

H (Bk — T VF (w*) Taj) AwkH
| Awg||

< eg max{d(wg, w*), d(wgs1,w*)} +
1 | ' (wg)|| e E il
+(— - 1) + lléell -
<ak [Awg]  [[F(wi)| [|Awg]]

Note that ”HFA( Dl is bounded by (7.28) and pi, = o(||F'(wg)|). Taking the limit of the above gives (b).
Conversely, let (b) hold. From (7.31), we have

(Bk — T¢, VF (w*) T&l) apAwy = T;lAka(wkH) — F(wy) — T¢, VF (w*) T;}akAwk

- Ta;Aka(wk+l) + (1 — o) F(wy) + ogpupé.
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Again, taking the norm and using Lemma 12, we get

H(Bk ~ T VF (w) T, )akAwkH < HTa nwy Fwii1) = F(wy) = T, VF (w*)TgklakAwkH
|

| T s P )| + (0= ) I i) + o ]

ap Awyg

(
< c3 ||ag Awy || max{d(wy, w*), d(wiy1, w*)}
+(

[T s F )| + (1= ) [ E )] + e ]

Dividing both sides by ||a Awy|| and taking the limit gives (a) for the same reason described above.
(b < ¢). This part mainly uses Lemma 8. Let (b) hold. Observe that

T;:Aka(wkH) = T;}j Aw, F(wri1) — P;;Aka(wkH) + P;:Aka(wkH). (7.32)

Thus, Lemma 8 and the isometry of parallel transport P Aw show that

T2 s P )| 2 [P F )| = || Tt P i) = Pl Flwin)|

> |F(we1)|| — aa [|[F(wi1) || [ eow Awge]]
for some constant a4, and hence,

HTakAka(warl) H
| o Awy ||

| F (i)l o I (wrg)l
larAwg| —  [|[Awy|

+ag | F(wpp)] =

Since || F'(wg)|| — 0, taking the limit of the above gives (c).
Conversely, let (c) hold. Again, (7.32), Lemma 8, and the isometry of parallel transport yield

HT;;clAka(warl H HTakAw F(wk+1> - PakAka(wk+1 H +‘ akAka(warl)H
< aq | F(wis) || [JarAwg]| + [ F(we+1)]
and hence,
T Fluwy )H
akAwk +1 | F(wreq 1) 1
< ay || F(wy + —

Since || F(wg)|| — 0 and oy — 1, taking the limit of the above gives (b).
(c < d). Note that the statement that {wy, } converges superlinearly to w* can be rewritten equivalently

as
[Crsall

koo [|Ckll

)

where (;, € Ty,+\ is defined by (, = R;}(wk). We will show that the above equation holds if and only
if (¢) holds.

This part mainly uses Corollary 1 and (iv) of Lemma 6. Let (¢) hold. By (iv) of Lemma 6, it follows
that

ao |laxAwy|| < d(wp, wey1) < d(wg, w*) + d(wpg 1, w*) < ap (|Gl + Gl
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thus,
a
oAl < 22 (1G] + 1G] (7.33)

On the other hand, by Corollary 1,

aal|Cry1 || < [ F(wrs1)ll < asl|Cr |- (7.34)

Therefore, by (7.33) and (7.34), we obtain

IFsell _  IF@s)ll S aotaliGonll | aoas DGkl /Gl
| Aw| lowAwgl| " a1 (|Gl + 1<k+11D ar (L4 [[Gesll / 1€kl

By (7.29), taking the limit of the above gives (d).
Conversely, let (d) hold. Again by (iv) of Lemma 6, similarly to the proof of [§1, Theorem 14.1, Page
2921, we find that

1 1 X % a
le Awg]| > —d(wy, wes1) > — (d(wg, w*) = d(wppr, w*)) > = (1G] = [ Gepall) -
al al ai
It follows that
[F(ors )l _ [1F(wea)|] a? |G | ooar kel / Nkl
= g < ag =op— - .
(| Awg| e Awg|| ao ([ICell = 1<k+111) ao (1= [[Cetall / 11€kll)
Taking the limit of the above gives (c). We complete the proof. 0

7.4.4 Proof of Theorem 23

Proof. Recall that Awy, = (Azy, Ayg, Asy, Azy) € Ty, N. By Theorem 21 and (7.5), the sequence
{wy} locally converges to w* and ||Gy, — T¢p Hess, £ (w*) TC_IQ;H is bounded for all £ > 0. From
inequality (7.16) in the proof of Lemma 25, we conclude that
_ . 2
H (Bk — T VF (w) T, ) AwkH
2
< H <Gk — T¢p Hessy £ (w”) ngl) AwkH

+ HGk — Tz Hess, £ (w*) T [|A24]] O (d (wg, w")) || Ao |

+ 0 (d (wy, w")) || Ay |

2
< H (G — T Hess, £ (w") T Aka + O (d (wp, w*)) || Awg|? - (7.35)
The last inequality comes from

HGk — Ter Hess, £ (w") T ||| ]| O (d(wg, w") || Ay

=[|Azk|| O (d(wg, w")) [|Awg]| (by boundedness of |Gy — T¢y Hess, £ (w*) TC_,”;”)
<O (d (wy, w")) [ Awg|* Gy [|Azg]| < [|Aw]).



Section 7.4 Collection of Proofs 153

Thus, by dividing both sides of (7.35) by || Aw||?, we have

H (Bk — TCkVF (w*) T;) AwkHQ _ H (Gk — T¢r Hessg L (w*) T;g) Aka2

| Awg|? | Awg|?

+ O(d(wg, w*))

(G =Tz Hess, £ (w) T A‘T’“H2

|
| Az )?

+ O(d(w, w")).

Taking the limit above with (7.9) and invoking Theorem 22 complete the proof. O
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Chapter 8

Conclusions and Future Research

8.1 Conclusions

Riemannian optimization is an important research area in the field of optimization theory. Existing
research on Riemannian algorithms has focused on the problems with smooth objective functions on a
single manifold. In this thesis, two variants of Riemannian optimization are investigate, each of which
solves a different challenge in practical applications.

The first variant is Nonsmooth Riemannian Optimization (NRO), which is concerned with optimization
problems with nonsmooth objective functions. For NRO problems, we propose a generalized framework
of Riemannian smoothing method, ensuring efficient convergence to the limiting stationary point. Our
framework facilitates the use of existing solvers such as Manopt, thus enabling fast code implementation.
In particular, we apply our method to the completely positive matrix factorization problem. Numerical
experiments confirm that our method is particularly suitable for large-scale factorization problems.

The second variant is Constrained Riemannian Optimization (CRO), which deals with optimization
problems on non-single manifolds, i.e., problems involving additional constraints. For CRO problems,
we propose a Riemannian version of the classical interior point method, namely the Riemannian Interior
Point Method (RIPM), and establish its local and global convergence. To our knowledge, this is the first
study to apply the primal-dual interior point method on a Riemannian manifold. Numerical experiments
show the stability and efficiency of our method. To conclude this subsection, let us compare with the
existing interior point method, i.e., the so-called Euclidean Interior Point Method (EIPM), to illustrate the
theoretical advantages of our RIPM.

Comparison: Riemannian Interior Point Methods (RIPM) v.s. Euclidean Interior Point Methods
(EIPM).

1. RIPM generalizes EIPM form Euclidean space to general Riemannian manifolds. EIPM is a special
case of RIPM when M = R" or R™*" in (CRO).

2. RIPM inherits the all advantages of Riemannian optimization. For example, we can exploit the
geometric structure of M, which is usually regarded as a set of constraints from the Euclidean
viewpoint.

3. Note that in both RIPM and EIPM, we have to solve the condensed Newton equation (5.32) at each

iteration. However, if the equality constraints can be considered to be a manifold, RIPM can solve



156 Chapter 8. Conclusions and Future Research

(5.32) with a smaller order on T, M x R!. For example, the problem (Model_St) can be rewritten
as

min —2trace(X7C) st XTX =1, X >0.
XeRnxk

Here, Stiefel manifold is replaced by the equality constraints, i.e., we define h: R"** — Sym(k) :
X = h(X) := XTX — Iy; and M = R™* | = dim Sym(k) = k(k + 1)/2 in (CRO). Then,
when we apply EIPM, it requires us to solve (5.32) of order nk + k(k + 1)/2. On the other hand,
if we apply RIPM to (Model_St), then (5.32) reduces to (5.35) since there are only inequality
constraints on M = St(n, k). In this case, we solve the equation of order nk — k(k +1)/2, i.e., the
dimension of St(n, k). Compared to EIPM, using RIPM reduces our dimensionality by k(k + 1).

4. RIPM can solve some problems that EIPM cannot. For example, the problem (NLRM) can be
rewritten as

min ||A— X[} st rank(X) =7, X >0.
XeRmXn

Since the rank function, X — rank(X), is not even continuous, we cannot apply EIPM.

8.2 Future Research

Finally, we discuss several promising research topics. Since the work in this thesis on the extension of the
interior point method on manifolds is the first of its kind, much meaningful work remains to be explored.
Considering the maturity of the existing Euclidean interior point methods in all aspects of numerical
implementation and algorithmic theory, it is well worthwhile to continue exploring these methods on

manifolds in the future.

Preconditioner for linear operator equation. Due to the complementary condition, as k — oo, the
values of S 17, display a huge difference in magnitude: some of them tend to zero while others go
to infinity. Hence, the presence of the operator ¥ := G, S~'ZG? in the system (5.32) makes it very
ill-conditioned, so the iterative method will likely fail unless it is carefully preconditioned. Unfortunately,
operator equation has no explicit matrix form available, which makes the most common preconditioner
methods based on matrix decomposition techniques useless. A possible way around this is to find another

nonsingular operator P such that the condition number of the new operator P~ 7 becomes smaller.

Treatment of more state-of-the-art interior point methods. While we have considered interior point
methods on a manifold for the first time, our Euclidean theoretic counterpart is an early nonlinear interior
point method algorithm [73]; however, the counterpart now appears to be obsolete compared with more
recent interior point methods. For example, our method does not drive the iteration towards minimizers,
but only towards stationary points; globalization is done by monitoring only the KKT residuals; moreover,
the boundedness assumption (C2) of {2} is too strong to hold in some simple cases (see Wichter-Biegler
effect [199]). It remains an important issue to adapt more modern interior point methods to manifolds,

although we may encounter various difficulties in Riemannian geometry.
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